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Phase and frequency shifts in a population of phase oscillators

Peter Tass
Department of Neurology, Heinrich-Heine-University, Moorenstrasse 5, D-40225 Du¨sseldorf, Germany

~Received 23 October 1996; revised manuscript received 29 April 1997!

We investigate the synchronization behavior of a population of globally coupled phase oscillators with
randomly distributed eigenfrequencies. A variety of synchronized states is rigorously analyzed by means of the
center manifold theorem combined with a nonlinear renormalization procedure. This way, the different syn-
chronized states are determined explicitly. We observen-cluster states, wheren51, . . . ,4. In asynchronized
state all oscillators have the same frequency. Synchronization frequency and mutual phase differences depend
on model parameters as well as on the configuration of the synchronized state, i.e., the number of oscillators
within each cluster. The synchronization frequency may decisively differ from the mean of the eigenfrequen-
cies, e.g., giving rise tofrozen states, which are synchronized states with vanishing synchronization frequency.
Unstable cluster states are associated with transitions between different synchronization frequencies. Our
approach can easily be extended to a population of oscillators with randomly distributed coupling strengths.
The different synchronized states are discussed in the context of neural coding.@S1063-651X~97!03908-1#

PACS number~s!: 87.10.1e, 05.45.1b
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I. INTRODUCTION

During the act of perception sensory segmentation se
rates the sensory input into pieces which form patterns.
instance, in order to recognize single objects of the vis
world, the brain has to separate different objects from e
other and from the background. This process is called sc
segmentation or figure-ground segregation@1,2#. The neuro-
physiological mechanism which realizes scene segmenta
is still a matter of debate. It is well known that local visu
features are detected by single neurons with suitable re
tive field properties@3,11#. An object consisting of severa
local features can only be recognized if the local informat
is combined appropriately@1,2#. It was suggested that thi
process is realized by means of a temporal neuronal fi
code@2,4,5#. In particular, von der Malsburg and Schneid
suggested that sensory segmentation is realized by an
phase synchronization of the firing activity of all neuro
encoding local features which belong to one particular ob
@5#. This notion was confirmed as synchronized oscillato
neuronal activity was found in rabbit@6#, cat@7,8,12#, pigeon
@9#, and monkey@10#.

A multitude of theoretical studies dedicated to the dyna
ics of populations of oscillators showed that apart from
phase synchronization and incoherent activity there is a
riety of qualitatively different dynamical phenomena, f
instance, splay-phase states@13#, attractor crowding@14#,
plateaus of frequency-locked oscillators@15,16#, clustering
@17–21#, dephasing and bursting@22#, finite-size-induced
transitions@23#, and collective chaotic behavior@19,24,25#.
Thus from a theoretical point of view one might expect th
apart from synchrony of periodic activity and incoheren
the experimental data might display other dynamical sta
which cannot be detected by means of the typically app
linear correlation techniques. Nevertheless, these dynam
states might play an important role as far as the neuro
code and in particular sensory segmentation is concerne

In order to decide which dynamical states might be int
esting in the context of the neuronal code, we take into
561063-651X/97/56~2!/2043~18!/$10.00
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count that neurons are coincidence detectors~see, e.g.,@5#!.
For this reason we are interested in synchronized states
hibiting groups of mutually synchronized oscillators as
well known from the so-called cluster states@17–21#.

Let us recall that there are different levels of synchro
zation.~a! Synchrony~in-phase synchronization! is the stron-
gest form of synchronization, where the phase difference
tween any two oscillators vanishes~modulo 2p). ~b! A
weaker form of synchronization is phase locking, where
oscillators’ mutual phase differences are constant, but ge
ally do not vanish.~c! The term frequency locking denotes
synchronized state in which all oscillators have the sa
average frequency, whereas there need not be a fixed p
relationship.~d! Clustering is a more local type of synchro
nization typically investigated in lattices of oscillators wi
local interactions@17#. Anyhow, clustering occurs in popula
tions of globally coupled oscillators, too@18–21#. Due to the
mutual interactions the oscillators form several cluste
Within each cluster all oscillators have the same phase.
phase differences between different clusters do not van
generally they are functions in time. A state is called clus
state if the number of different clusters remains finite
N→`, whereN is the number of oscillators.

In this study we investigate a population of global
coupled phase oscillators with continuous interactions. D
pending on the model parameters and the system’s in
conditions all oscillators may form one giant cluster or th
may break into two, three, or four phase-locked clusters
arbitrary size. The phase difference between any two os
lators within one cluster vanishes or is small as compa
with the phase difference between different clusters~cf. Fig.
1!. The cluster states under consideration are phase-loc
states in which all oscillators run at the same frequency,
ċ j5V* for j 51, . . . ,N, wherec j is the phase of thej th
oscillator,N is the number of all oscillators, andV* is the
synchronization frequency. Synchronization frequency a
shifts of the mutual phase differences decisively depend
the number of oscillators within each cluster.

Note that we do not intend to present a detailed model
2043 © 1997 The American Physical Society
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FIG. 1. Schematic illustration of the different synchronized states: A single oscillator is represented by a dot~connected with the origin!
on the unit circle in the complex plane according tozj5exp(icj). A synchronized state consists of one~A!, two ~B!, three~C!, or four ~D!
clusters in each of which the oscillators have constant small~or vanishing! mutual phase differences. All oscillators run at the sa
frequency. The latter depends on the model parameters as well as on the synchronization configuration, i.e., the number of oscilla
the different clusters. Different configurations are typically associated with different synchronization frequencies as indicated by a
different length. The synchronized states will be called the one-cluster state~A!, two-cluster state~B!, three-cluster state~C!, four-cluster
state~D!.
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synchronized neuronal activity in the visual cortex as w
done in other studies@26–28#. The model analyzed in the
present article may be augmented to become a mini
model for synchronized neuronal activity in the visual co
tex, e.g., along the lines of a previous study@28#. However,
s

al
-

our main concern in this paper is to investigate synchron
tion phenomena which are interesting from both the theo
ical and the neurophysiological point of view. In particula
we analyze the relationship between synchronization
quency and locking behavior in a population of phase os
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56 2045PHASE AND FREQUENCY SHIFTS IN A POPULATION . . .
lators. From the physiological standpoint interest in this
lationship rose as a consequence of recent experime
findings. For instance, it was observed that the activation
the mesencephalic reticular formation caused an enha
ment of stimulus-specific synchronization associated with
increase of the synchronization frequency@29#.

The paper is organized as follows. In Sec. II we introdu
the model equation. Section III is devoted to the analyti
investigation of the different cluster states under consid
ation. Numerical results are presented in Sec. IV. In Sec
we sketch how the model equation can be augmente
become a minimal model of synchronized neuronal activ
in the visual cortex. Finally in Sec. VI we summarize a
discuss our results.

II. THE MODEL EQUATION

Winfree proposed to approximate the dynamics of a po
lation of limit cycle oscillators by means of the dynamics
a population of phase oscillators@30#. He assumed that th
coupling is weak as compared with the attractiveness of
limit cycle. Thus the coupling predominately affects the m
tion of each oscillator around its limit cycle. Kuramoto pr
vided a sound mathematical framework for this notion
phase oscillators in the case of weak coupling@31#. As far as
phase and frequency shifts in the synchronized states
concerned this approximation also holds in the case of str
coupling for different networks of limit cycle oscillator
@33#.

A typical model equation for smoothly interacting pha
oscillators reads@30,31#

ċ j5v j2 (
k51

N

G jk~c j2ck! ~ j 51, . . . ,N!, ~1!

where c j is the phase of thej th oscillator, andv j is the
eigenfrequency of thej th oscillator. The oscillators’ mutua
interactions are modeled byG jk , where G jk(x12p)
5G jk(x) holds. Thus we can expandG jk in terms of Fourier
modes. In the case of globally coupled oscillators we
allowed to setG jk(x)5G(x). If one is interested in interac
tions giving rise to in-phase synchronization it is sufficient
take into account first order terms ofG(x), for instance,
G(x)5KN21sin(x), where K is the coupling strength~cf.
@31#!. Higher harmonics of the couplingG enrich the dy-
namical behavior of Eq.~1! considerably: Aside from mac
roscopic synchronization@32# one encounters clusterin
@20,21#. For this reason we take into account Fourier mod
up to fourth order, this way obtaining our model equation

ċ j5v j2
1

N(
k51

N

(
m51

4

$Kmsin@m~c j2ck!#

1Cmcos@m~c j2ck!#%, ~2!

where we assume thatKm.0 holds. Before we turn to ou
analytical analysis let us first introduce several notatio
Mean and variance of all eigenfrequencies will be deno
by V5N21(k51

N vk andV5N21(x51
N (vk2V)2. By means
-
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of deviations hk the eigenfrequencies may be written
vk5V1hk . In the synchronized states analyzed below
oscillators have the same frequency, which will be cal
synchronization frequency. As a consequence of mutua
phase differences one up to four clusters of synchroni
oscillators evolve~cf. Fig. 1!. The cluster frequencyof the
nth cluster, i.e., the mean of the eigenfrequencies of the
cillators in the nth cluster, will be denoted by
Vn5Nn

21(k(n)vk , where(k(n) denotes summation over a
k, where thekth oscillator is in thenth cluster.Nn denotes
the number of oscillators in thenth cluster. Deviations of the
cluster frequencies Ln are introduced by setting
Vn5V1Ln . The variance of the eigenfrequencies of t
nth cluster readsVn5Nn

21(k(n)(vk2Vn)25Nn
21(k(n)(hk

2Ln)2. The third moment of the distribution of all eigen
frequencies will be denoted byM5N21(k51

N (vk2V)3

5N21(k51
N hk

3 . Finally we introduce the termconfiguration
of the synchronized statewhich will be defined by the num-
ber of oscillators within each cluster, no matter which p
ticular oscillator belongs to a certain cluster. In this artic
we briefly denote the configuration of the synchronized st
as configuration. Let us, for example, consider the thre
cluster state@Fig. 1~C!#. In this case the configuration i
given by (N1 ,N2 ,N3).

III. ANALYTICAL INVESTIGATION

Below it will turn out that the model equation~2! displays
a rich synchronization behavior. Aside from synchrony t
population of oscillators may break into two, three, or fo
phase-locked clusters as illustrated in Fig. 1. The differ
synchronized states have to be analyzed separately. H
ever, our strategy remains the same in all four cases. Th
fore in the following section we briefly sketch the strateg
Our investigation essentially relies on the center manif
theorem@34#. In Sec. III B we explain how to apply this
theorem along the lines of our approach. Next we investig
the different synchronized states in Secs. III C–III F.

A. Strategy

Let us briefly sketch the main features of our analysis
~1! We introduce a rotating coordinate system. Due to

suitable choice of the rotation frequency in the rotating c
ordinate system the synchronized state under considerati
nothing but a stable fixed point. The proper rotation fr
quency is the synchronization frequency denoted byV* .

~2! The system’s dynamics acts on two time scales, wh
the slow variables determine the motion of the fast variab
as is well known from the slaving principle@35,36#. In par-
ticular, in all synchronized states the slow variables are c
stant. For this reason it is convenient to determine phase
frequency shifts explicitly by means of the center manifo
theorem@34#. Moreover the center manifold theorem enab
us to prove the stability of the different synchronized stat

~3! The center manifold theorem can only be applied
the coordinate system is rotating with a suitable frequency
renormalization procedure guarantees that the proper rota
frequency is chosen. In oscillator theory renormalization
linear counterterms is a common tool for the determinat
of frequency shifts caused by the coupling@36#. In previous
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studies a combination of linear renormalization and cen
manifold theorem was used in order to analyze phase
frequency shifts in some oscillator models@33,37#. However,
as far as model equation~2! is concerned a linear renorma
ization procedure will not work. This will be discussed
Sec. III C. For this reason in the present paper we perfor
nonlinear renormalization procedure.

B. Center manifold

It is our goal to determine the synchronized states exp
itly. To this end in Secs. III C–III F we perform suitabl
transformations which cast model equation~2! into a form
which allows us to apply the center manifold theorem eff
tively. These transformations are different in the four cas
As a result of these transformations the state of the pop
tion of oscillators is described by two sets of variables:
center modes and the stable modes. Denoting the vecto
the center and the stable modes byxc and xs , the trans-
formed system reads

ẋc5Bcxc1nc~xc ,xs!, ~3!

ẋs5Bsxs1ns~xc ,xs!. ~4!

The eigenvalues of the matrixBc vanish, whereas the eigen
values of the matrixBs have negative real parts.nc(xc ,xs)
andns(xc ,xs) denote the nonlinear terms. As a conseque
of the above mentioned transformations the linear parts
the stable modes and the center modes are separated
each other. Neglecting nonlinear terms in Eqs.~3! and~4! we
obtain the Jordan form of the linear problem~cf. @38#, Chap.
6!. In a small neighborhood of zero the stable modes
given by the center modes according to

xs5h~xc!, ~5!

whereh only contains terms of second and higher order@34#.
Equation~5! characterizes the center manifold. The para
eter range in which Eq.~5! is valid will be stated more pre
cisely below. On the center manifold the dynamics obe
ẋc5Bcxc1nc„xc ,h(xc)… @34#. This equation is the so-calle
reduced problem. Thus in order to analyze the dynamics
the center manifold we have to determineh. To this end we
differentiate Eq. ~5! with respect to time, obtaining
ẋs5Dh(xc) ẋc , whereD denotes the differentiation operato
With Eqs.~3! and ~4! we immediately see that

Bsh~xc!1ns„xc ,h~xc!…5Dh~xc!@Bcxc1nc„xc ,h~xc!…#
~6!

has to be fulfilled. Obviously the determination ofh may be
rather complicated. Additionally the resulting reduced pro
lem may be so complex that it would be impossible to ca
out an analytic investigation. Hence we perform anonlinear
renormalization procedureas explained in Sec. III C. As a
result of this procedureBcxc as well asnc„xc ,h(xc)… vanish
on the center manifold. This way our analysis is decisiv
r
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simplified. ~a! The reduced problem becomes trivial as
readsẋc50. ~b! On the other hand, Eq.~6! takes the simple
form

h~xc!52Bs
21ns„xc ,h~xc!…. ~7!

Anyhow, it may still be impossible or at least complicated
invert the matrixBs analytically. For this reason~a! we ~rig-
orously! introduce an additional variable, and~b! we assume
that some of the coupling constants obey certain smalln
conditions. As a consequence of these manipulations the
trix of the stable part of the transformed model equation
given by

Bs52gE, ~8!

where E denotes the identity matrix, andg is a positive
constant. Inserting Eq.~8! into Eq. ~7! we end up with

h~xc!5
1

g
ns„xc ,h~xc!…, ~9!

which enables us to determine terms of lowest order ofh in
a straightforward way. According to the center manifo
theorem the states described by Eq.~5! are stable becaus
they are local attractors@34#. Equation ~5! determines a
stable fixed pointbecause the reduced problem readsẋc50.
As a result of the above mentioned suitable transformati
the fixed point is nothing but the synchronized state un
consideration. Note that the center manifold theorem o
holds if

ixci!g ~10!

is fulfilled ~cf. @34#!. Due to this condition the deviation
h1 , . . . ,hN and some of the coupling constants have to
small as compared withg. This will be discussed in detai
below. For larger values ofixci we have to analyze the syn
chronized states, for instance, numerically.

C. One cluster

In this section we analyze a synchronized state given
one cluster of oscillators all having the same frequency
small mutual phase differences@cf. Fig. 1~A!#. To this end
we introducerelative phases

f j~ t !5c j~ t !2V* t2u. ~11!

u is a constant phase shift which will be determined belo
V* is thesynchronization frequency, i.e., the oscillators’ fre-
quency in the synchronized state, given by

V* 5V2D, ~12!

with V as introduced in Sec. II.D is acountertermwhich is
expanded in terms of«, where 0,«!1 holds:
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D5 (
n50

`

D~n!«n. ~13!

D will contribute to a nonlinear renormalizationof the
eigenfrequencies. To this endD (0),D (1),D (2), . . . will be
chosen appropriately below. Inserting Eq.~11! into the
model equation~2! we obtain

ḟ j5h j1D2
1

N(
k51

N

(
m51

4

$Kmsin@m~f j2fk!#

1Cmcos@m~f j2fk!#%. ~14!

Moreover we introduce the abbreviations

a5 (
m51

4

m Km , b5
1

2 (
m51

4

m2 Cm , c5
1

6 (
m51

4

m3 Km .

~15!

On the other hand, we introduce an additional variable
setting

r~ t !5
1

N(
k51

N

fk~ t !. ~16!

This ~rigorous! trick decisively simplifies our analysis, whic
is based on the center manifold theorem. In particular,
matrix of the stable modes (Bs) is simply a diagonal matrix
which can be inverted in a straightforward way@cf. Eq. ~8!#.

« as well ash1 , . . . ,hN are constant. Thus we can~rig-
orously! treat them as variables which do not chang
«̇5ḣ15•••5ḣN50. Therefore«,h1 , . . . ,hN are center
modes~cf. Sec. III B!. We want to cast Eq.~3! into a most
convenient form. For this reason we postulate that

ṙ50 on the center manifold ~17!

has to be fulfilled. This can easily be achieved by an app
priate choice of the countertermsD (0),D (1),D (2), . . . from
Eq. ~13!. As a consequence of condition~17!, Eq. ~3! simply
readsẋc50. If condition ~17! is fulfilled, the synchronized
state is a stable fixed point which lies within a small neig
borhood around zero as will be shown below. Therefore
means of the center manifold theorem we can calculate
fixed point explicitly in order to determine phase and fr
quency shifts. On the other hand, if condition~17! is not
fulfilled we obtainṙ5M («,h1 , . . . ,hN), whereM does not
depend onr. Thusr(t)5Mt1r0 (r05const!. In this case
r increases or decreases monotonously. Consequently
system does not stay within a small neighborhood aro
zero. Thus the center manifold cannot be applied. For
reason we have to guarantee that condition~17! is fulfilled
by means of proper counterterms (D (0),D (1),D (2), . . . ). In
particular, below it will turn out that forCjÞ0 condition
~17! is not fulfilled if we perform a linear renormalization b
merely fitting countertermsD (0) andD (1).

Of course, the center manifold is not yet determined. T
determination of the counterterms is performed in seve
steps.
y

e

:

-

-
y
e

-

the
d
is

e
al

~a! The equations forḟ1 , . . . ,ḟN and condition~17! are
expanded according to Taylor.D (0),D (1) are determined by
taking into account constant terms and terms of first order
this article the order of terms refers to the center mod
Thus terms ofnth order are;ixcin.

~b! In order to separate the linear parts of center a
stable modes we perform the transformationw j5f j
2h j /a2r so that the vectors of center and stable modes
given by xc5(«,r,h1 , . . . ,hN)T, xs5(w1 , . . . ,wN)T.
(•••)T denotes the transposed vector (•••). As a result of
this transformation the matrix of the stable modes is of
form presented by Eq.~8!, whereg5a @cf. Eq. ~15!#.

~c! h is determined in lowest order according to Eq.~9!.
~d! In order to determine counterterms of higher ord

i.e., D (2),D (3), D (4), . . . , we insert h into condition ~17!,
this way taking into account nonlinear terms. The determ
nation of these counterterms is in principle trivial. Neverth
less, it is quite tedious. Thus in this study we restrict o
selves to the determination of frequency shifts of seco
order, i.e.,D (2). Note that thisnonlinear renormalizationis
only possible because we treat« as variable.

We immediately see that condition~17! is alwaysfulfilled
~not only on the center manifold! if C15C25C35C450. In
this caser is a conserved quantity, no matter whether the
system is synchronized or not, and correspondinglyD van-
ishes. But if at least one of the coefficientsC1 ,C2 ,C3 ,C4
does not vanish, we have to choose the counterte
D (0),D (1),D (2), . . . appropriately so that condition~17! is
fulfilled. This yields

D~0!5 (
m51

4

Cm , D~1!50, D~2!52
2b

«2a2 V. ~18!

These counterterms describe the frequency shifts, which
cur in the synchronized state as a result of the oscillato
mutual interactions. We still have to calculate the pha
shifts f1 , . . . ,fN in the synchronized state@cf. Eq. ~11!#.
The stable modes in the synchronized state are determ
by the center modes according to Eq.~5!: w j5hj (xc), where
h(xc)5„h1(xc), . . . ,hN(xc)…. Taking into account thatr
vanishes on the center manifold for a suitable choice
u5N21(k51

Nck(0) with Eq. ~11! we finally end up with
the synchronized state

c j~ t !5V* t1c j
stat, where c j

stat5u1
h j

a
1x j ~19!

is a constant phase shift, andx j5h ja
211hj (xc). We obtain

x j5(ch j
313ch jV2cM)/a41O(ixci4) if C15•••5C4

50, or else we getx j5b(h j
22V)/a31O(ixci3). Thus in the

synchronized state all oscillators have the same frequen

V* 5V2 (
m51

4

Cm1

(
m51

4

m2Cm

S (
m51

4

mKmD 2 V1O~ ixci3! ~20!

@cf. Eqs.~12!, ~13!, and~18!#, whereV denotes the variance
of the eigenfrequencies~cf. Sec. II!. According to condition
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~10! the deviationsh j have to be small in comparison wit
the coupling strengtha @Eq. ~15!#. Hence for randomly dis-
tributed h1 , . . . ,hN within the cluster we encounter sma
mutual phase differences, whereas forh15•••5hN50 all
oscillators are perfectly synchronized, i.e.,c j (t)5c(t) for
j 51, . . . ,N.

We already mentioned that as a consequence of cond
~17! ẋc50 holds. For this reason the center manifold is a
tually nothing but a point. On the other hand, the cen
manifold is alocal attractor ~cf. @34#!. Thus the center mani
fold, i.e., the investigated synchronized state, is a stable fi
point.

D. Two clusters

We now analyze a synchronized state with two oppo
clusters as shown in Fig. 1~B!. Nn denotes the number o
oscillators in thenth cluster, andN5N11N2. Let us denote
the normalized size of thenth cluster bynn5Nn /N. For the
two clusters we choose the ansatzf j (t)5c j (t)2V* t
2u2q j , whereq j50 for the oscillators of the first cluste
~i.e., j 51, . . . ,N1) andq j5p for the oscillators of the sec
ond cluster~i.e., j 5N111, . . . ,N). In order to simplify our
analysis, i.e., in order to apply the approach outlined in S
III B, we assume thatK1 ,K3 ,C1 , . . . ,C4 are small in
comparison with the synchronizing coupling constantsK2
and K4. For this reason we setK1→«K1 , K3→«K3 ,
Cm→«Cm , wherem51, . . . ,4.Note that« is of the same
order of magnitude ash1 , . . . ,hN . This assumption guaran
tees thatBs is simply a diagonal matrix@cf. Eq. ~8!# which
can be inverted straightforwardly according to Eqs.~7! and
~9!.

As in the former section it is our goal to cast the syst
under consideration into the form given by Eqs.~3! and~4!.
To this end we perform the nonlinear renormalization, wh
guarantees that condition~17! is fulfilled. As a consequence
of the proper choice ofD (1) we encounter new quantities
which will be denoted by

h j
†5«~C11C3!@nm2nn1~nm2nn!2#, ~21!

where thej th oscillator is in thenth cluster, andmÞn ~i.e.,
n51,m52 or n52,m51). These quantities cause a shift
the deviationsh1 , . . . ,hN . Hence we introduce

j j5h j1h j
† . ~22!

Moreover, we introduceshifted eigenfrequenciesv j
† by set-

ting

v j
†5v j1h j

†5V1h j1h j
† . ~23!

With Eq. ~22! the transformation separating linear parts
center and stable modes readsw j5f j2j j /(2K214K4)
2r. This transformation yields the vectors of the center a
the stable modes:

xc5~«,r,j1 , . . . ,jN!T, xs5~w1 , . . . ,wN!T. ~24!

In comparison with the case of one synchronized cluster
synchronized clusters are associated with shifted deviat
on
-
r

d

e

c.

h

f

d

o
ns

j j serving as center modes. Taking into account condit
~17! the frequency shiftD is derived as explained in Sec
III C. This way, we obtain

D~0!5D~2!50, D~1!5C21C41~C11C3!~n12n2!2,
~25!

D~3!5d~3!1d~3!
† , ~26!

with d (3) and d (3)
† as in Eqs.~A1! and ~A2!. All quantities

depending onh1
† , . . . ,hN

† ~such asd (3)
† ) are indicated by the

dagger. These quantities only depend on the configuration
contrast to this the corresponding quantities without dag
~such asd (3)) additionally depend on the eigenfrequency d
tribution ~i.e., on$h j%).

In order to determine the phase shifts we proceed as
plained in Sec. III C, where in this caseg52K214K4. We
now chooseu5(1/N)(k51

N ck(0)2n2p so thatr vanishes
on the center manifold. Finally we end up with the stab
synchronized state given by

c j~ t !5V* t1c j
stat, where c j

stat5u1x j1x j
†1q j

~27!

is the constant phase shift of thej th oscillator, wherex j and
x j

† , the shifts of higher order, are listed in Appendix A@Eqs.
~A6! and ~A7!#. x j gives rise to mutual phase difference
within a single cluster. As a consequence of condition~10!
the mutual phase differences are small in comparison w
the coupling strength (2K214K4). For h15•••5hN50
the oscillators within a single cluster are perfectly synch
nized. On the other hand,x j

† causes a systematic phase sh
of a whole cluster, thereby disturbing the opposite arran
ment of the two clusters determined byq j according to Eq.
~27! ~cf. Fig. 1!. This deformation of the clusters’ opposit
arrangement will be illustrated numerically in Sec. IV A.

From Eqs.~12!, ~13!, ~25!, and ~26! we read off that for
nonvanishing coupling constantsC1 , . . . ,C4 the synchroni-
zation frequency decisively depends on the configuration
the synchronized state, i.e., the number of oscillators wit
each cluster.

E. Three clusters

This section is devoted to a synchronized state with th
equally spaced clusters@cf. Fig. 1~C!#. Bs , the matrix of the
stable modes, is a simple diagonal matrix as in Eq.~8! if we
assume thatKn→«Kn , Cm→«Cm holds for n51,2,4 and
m51, . . . ,4. Nn denotes the number of oscillators in th
nth cluster, wheren51,2,3, andN5N11N21N3. In anal-
ogy to the former sections we choose the ans
f j (t)5c j (t)2V* t2u2q j , where q j50 for the oscilla-
tors of the first cluster~i.e., j 51, . . . ,N1) andq j52p/3 for
the oscillators of the second cluster~i.e., j 5N111, . . . ,N1
1N2), andq j54p/3 for the oscillators of the third cluste
~i.e., j 5N11N211, . . . ,N). As in the former section due to
the renormalization, in particular as a consequence of
proper choice ofD (1), we have to introduce shifts of th
eigenfrequencies@Eq. ~B3! in Appendix B# according to Eq.
~23!. With j j from Eq. ~22! linear parts of center and stab
modes are separated by the transformat
w j5f j2j j /(3K3)2r providing us withxc andxs given by
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Eq. ~24!. Based on condition~17! the frequency shiftD is
derived as in the former section. This way, we end up w

D~1!5C31
1

2
~C11C21C4!@~n12n2!21~n22n3!2

1~n32n1!2#, ~28!

D~0!50, D~2!5d~2!1d~2!
† , ~29!

whered (2) andd (2)
† are listed in Appendix B@Eqs.~B4! and

~B5!#. The phase shifts are determined in a similar way a
the former sections. Withg53K3 we immediately obtain
hj (xc)5H j (xc)1H j

†(xc) according to Eq.~9!. H j (xc) and
H j

†(xc) are presented in Appendix B.r vanishes on the cen
ter manifold if u5N21(k51

N ck(0)2(n212n3)2p/3. Trans-
forming back to the phases we obtain the stable synchron
state:

c j~ t !5V* t1c j
stat,

c j
stat5u1q j1

h j1h j
†

3K3
1H j~xc!1H j

†~xc!, ~30!

with H j (xc) and H j
†(xc) from Eqs. ~B1! and ~B2!.

D, h j , h j
† , H j , and H j

† have to be small in compariso
with the coupling strengthg53K3 due to condition~10!. If
this condition is not fulfilled our approach is no longer vali
and we have to restrict ourselves to a numerical invest
tion, which is presented in Sec. IV.

So, Eq.~30! describes a synchronized state, where all
cillators have the same frequencyV* which deviates from
the mean of the eigenfrequenciesV according to Eqs.~12!,
~13!, ~28!, and ~B4!. For nonvanishing coupling constan
C1 , . . . ,C4 the synchronization frequency crucially depen
on the configuration of the synchronized state given
n1 ,n2 ,n3. In the synchronized state we encounter three c
ters consisting ofN1 , N2, and N3 oscillators. Within a
single cluster the oscillators display small mutual phase
ferences given by Eq.~30!. The equal spacing of the cluste
is disturbed ifH j

† andh j
† do not vanish. In particular, clus

ters of equal size are equally spaced.

F. Four clusters

In this section we investigate four synchronized clust
which are equally spaced@cf. Fig. 1~D!#. Therefore we
choose the ansatzf j (t)5c j (t)2V* t2u2q j , where
q j50 for the first cluster~i.e., j 51, . . . ,N1), q j5p/2 for
the second cluster~i.e., j 5N111, . . . ,N11N2), q j5p for
the third cluster ~i.e., j 5N11N211, . . . ,N11N21N3),
and q j53p/2 for the fourth cluster ~i.e.,
j 5N11N21N311, . . . ,N). As usualNn denotes the num
ber of oscillators in thenth cluster, andN5N11N21N3
1N4. In order to achieve thatBs is of the form given by Eq.
~8!, we have to assume thatKn→«Kn (n51,2,3),
Cm→«Cm (m51, . . . ,4) holds. As in Secs. III D and III E,
due to the determination ofD (1) we have to introduce shifts
of the eigenfrequencies@Eq. ~C1! in Appendix C#. Separa-
tion of linear parts of center and stable modes is perform
by the transformationw j5f j2j j /4K42r with j j from Eq.
in

ed

a-

-

y
s-

f-

s

d

~22!. This way, we obtainxc andxs given by Eq.~24!. Based
on condition~17! the frequency shiftD is derived as in the
former sections. With some calculations we arrive at

D~0!50,

D~1!5C41C2~n11n32n22n4!2

1~C11C3!@~n12n3!21~n22n4!2#,

D~2!5d~2!1d~2!
† , ~31!

whered (2) andd (2)
† are listed in Appendix C@Eqs.~C2! and

~C3!#. In order to derive the phase shifts we first determ
hj (xc)5H j (xc)1H j

†(xc) by means of Eq. ~9! with
g54K4, whereH j (xc) andH j

†(xc) are listed in Appendix C.
r vanishes on the center manifold fo
u5(1/N)(k51

N ck(0)2(n212n313n4)p/2. Finally we ob-
tain the stable synchronized state

c j~ t !5V* t1c j
stat,

c j
stat5u1q j1

h j1h j
†

4K4
1H j~xc!1H j

†~xc! ~32!

as constant phase shift, withH j (xc) and H j
†(xc) from Ap-

pendix C. From condition ~10! it follows that
D, h j , h j

† , H j , and H j
† are small in comparison with

g54K4.
Equation ~30! describes a synchronized state, where

oscillators have the same frequencyV* . V* critically de-
pends on the configuration of the synchronized st
(n1 , . . . ,n4). Within a single cluster the oscillators displa
small mutual phase differences due tox j , whereasx j

† per-
turbs the clusters’ equal spacing~cf. Fig. 1!.

G. Hierarchy of frequency levels

For h15•••5hN50 our model displays amultiplicity of
attractors~modulo 2p) which depends on the configuration
In the n-cluster state the attractors scale as

ncomb~N1 , . . . ,Nn!5
N!

P j 51
n Nj !

,

where N11•••1Nn5N. ~33!

In particular, if there is only one cluster all oscillators are
phase, and there is only one attractor. For randomly dist
utedh1 , . . . ,hN we observe small mutual phase differenc
according to Eq.~19! and a frequency shift of second ord
@cf. Eq. ~20!#.

On the other hand, if there are two or more clusters
variety of frequency levels occurs, which depends on b
the configuration and the eigenfrequency distribution. F
the sake of clarity we introduce some notations. From E
~25!, ~28!, and ~31! we immediately read off thatD (1) con-
sists of two parts:

D~1!5D I
~1!1D II

~1! , ~34!
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where onlyD II
(1) depends on the configuration. With the

notations we obtain for then-cluster stateD I
(1)5C21C4

(n52), D I
(1)5C3(n53), and D I

(1)5C4

(n54). The configuration dependent shifts readD II
(1)5(C1

1C3)(n12n2)2 (n52), D II
(1)5(C11C21C4)@(n12n2)2

1(n22n3)21(n32n1)2]/2 (n53), and D II
(1)5C2(n1

1n32n22n4)1(C11C3)@(n12n3)21(n22n4)2# (n54).
Obviously D II

(1) depends on asymmetries of the configu
tion.

In order to consider frequency shifts of lowest nonline
order we take into account Eqs.~A1!, ~A2!, ~B4!, ~B5!, ~C2!,
and~C3!. d (2) andd (3) depend on the eigenfrequency dist
bution $h j%, whereasd (2)

† andd (3)
† only depend on the con

figuration. Thus forn52 the synchronization frequency ma
be written as

~35!

For n53,4 we have to replaced (3)
† «3 and d (3)«

3 by d (2)
† «2

andd (2)«
2. The different terms of Eq.~35! find a clear inter-

pretation as illustrated in Fig. 2.
~1! V I takes into account frequency shifts of first orde

which are independent of both configuration as well
eigenfrequency distribution.

FIG. 2. Hierarchy of frequency levels: Schematic illustration of
the different frequency levels corresponding to different configu
tions (N1 ,N2) of the two-cluster state. The frequency shift d
scribed byV I5V2D I

(1)« is independent of the configuration a
well as the eigenfrequency distribution. Lower order frequen
splitting depends on the configuration V II(N1 ,N2)
5V2(D I

(1)1D II
(1))«2d (3)

† «3. The eigenfrequency distribution de
termines higher order frequency splitting according
V III (N1 ,N2 ,$h j%)5V2(D I

(1)1D II
(1))«2d (3)

† «32d (3)«
3. Note that

frequency splitting only occurs in a synchronized state with m
than one cluster.
-

r

,
s

~2! V II summarizes frequency shifts of first and high
order, which exclusively depend on the configuration.V II
does not depend on the eigenfrequency distribution. A
consequence of the multiplicity of attractors as well as sy
metry properties ofV II we encounter adegeneracy of
V II-frequency levelsbecause everyV II level is associated
with ncomb(N1 , . . . ,Nn) different synchronized states@cf.
Eq. ~33!#. This degeneracy is additionally increased due
symmetry properties ofV II @cf. Eqs. ~34! and ~35!#: V II is
invariant with respect to the interchangeNj↔Nk (n52,3).
In the four-cluster stateV II is invariant with respect to the
interchangeN2↔N4 for N15N3 andN1↔N3 for N25N4.

~3! V III additionally takes into account terms of lowe
nonlinear order (d (3)«

3 for n52, d (2)«
2 for n53,4) which

depend on the eigenfrequency distribution$h j%. For
h1 , . . . ,hNÞ0, e.g., for randomly distributed$vk%, every
degeneratedV II level splits into a multitude of slightly dif-
ferentV III levels @cf. Eqs.~A1!, ~B4!, and~C2!#.

IV. NUMERICAL INVESTIGATION

In this section we compare our analytical results with n
merical simulations. Finally we discuss two phenomena, f
zen states and characteristic transient behavior, which
be important, e.g., in the context of physiology.

A. Phase and frequency shifts

Two-cluster states are investigated numerically and a
lytically in this section, whereN520, h15•••5hN50,
K250.5,K15K35K450.01. Due toh j50 all oscillators
within one cluster share the same phase@modulo 2p, cf. Eq.
~A6!#. Model equation~2! was integrated 19 times. In eac
simulation the system was started in the neighborhood of
of 19 different coexisting stable synchronized states with d
ferent synchronization configuration (N151, . . . ,19). In
Figs. 3 and 4 we display the analytically derivednormalized
phase differenceDc (1,2)5(c j

stat2ck
stat)/(2p) for two oscil-

lators (j and k) from two different clusters withc j
stat and

ck
stat from Eq. ~27!. Dc (1) takes into account terms of firs

order (;«), whereasDc (2) also takes into account terms o
second order (;«2) @cf. Eq. ~A7!#. Additionally in Figs. 3
and 4 we presentDcnum, i.e., the numerically determine
normalized phase difference between both clusters~per-
formed by means of a fourth order Runge-Kutta algorithm!.

While the oscillators within each cluster are perfectly sy
chronized, the phase difference between the two clusters
pends on the configuration of the synchronized state~i.e., the
number of oscillators within each cluster!. We encounter an
antiphase state (Dc50.5) only if both clusters are of equa
size (n15n2). For n1Þn2 the antiphase spacing is perturbe
due to the quantitiesh1

† , . . . ,hN
† , which cause a shift of the

eigenfrequencies as explained in Sec. III D.
For the same simulations in Figs. 5 and 6 we plot t

numerically determined mean synchronization frequen
Vnum* defined byVnum* 5((k51

20 vk* )/20, wherevk* denotes
the numerically determined synchronization frequency of
kth oscillator. Additionally in Figs. 5 and 6 we plot the an
lytically derived synchronization frequency, thereby taki
into account terms of first order (V (1)) and also terms of
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y

e
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56 2051PHASE AND FREQUENCY SHIFTS IN A POPULATION . . .
FIG. 3. Normalized phase difference of two clusters: Plots compare analytically derived and numerically revealed phase shifts i
synchronized states of two clusters, whereN520, h15•••5hN50, K250.5, K15K35K450.01. To this endDcnum ~dots, surrounded by
small circles!, Dc (1) ~dashed line, covered by solid line!, andDc (2) ~solid line! are determined and plotted according to the explanatio
the text. Plots show normalized phase difference for different values ofC1 , . . . ,C4 : C15C3520.01, C25C450.01 ~A! @fulfilling
smallness condition ~10!, i.e., uCj u!g52K214K4#, C15C3520.1, C25C450.1 ~B!, C15C3520.2, C25C450.2 ~C!,
C15C3520.5, C25C450.5 ~D!. In order to illustrate differences between analytically derived and numerically revealed phase diffe
Dc (1) andDc (2) are plotted as continuous functions ofn1.
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third order (V (3)), where V (1)5V2D (1)« and V (3)

5V2D (1)«2D (3)«3 according to Eqs.~12!, ~13!, ~25!, and
~26!.

If smallness condition~10! is fulfilled ~justifying the ap-
plication of the center manifold theorem! there is a perfect
agreement between theoretical and numerical results@~A! in
Figs. 3–6#. Even if the parametersC1 , . . . ,C4 are of the
same order of magnitude as the synchronizing coup
(K2) there is a good agreement between theory and num
cal results @~B! in Figs. 5 and 6#. For larger values of
C1 , . . . ,C4 terms of first and third order are no longer su
ficient in order to achieve a good agreement between the
and simulation@~C! and ~D! in Figs. 5 and 6#. In order to
improve this agreement one has to derive higher order te
D (4),D (5), . . . along the lines of our approach. Neverthele
for un12n2u!1 as well as forn151 or n251 there is still a
good agreement between analytical results and numerica
sults. uK1u and uK3u are small in comparison with
g
ri-

ry

s
,

re-

g52K214K4. Therefore terms of second order contribu
to Dc only marginally @cf. Eq. ~A7!#. Depending on the
model parameters the synchronization frequency in the
tiphase state may be larger or smaller as compared with
in-phase state.

B. Frozen states

In the former section we already showed that due to
oscillators’ mutual interactions there may be dramatic sh
of the synchronization frequency. For this reason we sugg
the termfrozen statein order to denote a stable synchroniz
state with vanishing~or at most small! synchronization fre-
quency. Plot~D! in Fig. 5 provides us with an example of
frozen state~for n150.5). Two further examples are show
in Figs. 7 and 8.

The state of synchronization can conveniently be
scribed in terms of collective variables@16,25,33,39#: ampli-
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FIG. 4. Normalized phase difference of two clusters: Plots showDcnum ~dots, surrounded by small circles!, Dc (1) ~dashed line, covered
by solid line!, andDc (2) ~solid line! for the same model parameters as in Fig. 3 except for the values ofC1 , . . . ,C4 : C15C350.01,
C25C4520.01 ~A! @fulfilling smallness condition~10!, i.e., uCj u!g52K214K4#, C15C350.1, C25C4520.1 ~B!, C15C350.2,
C25C4520.2 ~C!, C15C350.5, C25C4520.5 ~D!.
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tudeR and phaseC of all oscillators and amplitudeRn and
phaseCn of thenth cluster, whereReiC5N21(k51

N eick and
RneiCn5Nn

21(k(n)e
ick. Note that 0<R<1 as well as

0<Rn<1. Additionally we introduceF5N21(k51
N ċk , i.e.,

the momentary mean frequency of all oscillators. Figure
and 8 show how the system approaches a frozen one-cl
state as indicated by the amplitudeR(→1 for t→`). Figure
7 shows a transition from an unstable two-cluster state to
stable frozen state, whereas Fig. 8 shows a transition from
unstable three-cluster state~mean phase difference betwee
neighboring clusters equals 2p/3) to the stable frozen state
Note that the synchronization frequencies of the frozen s
as well as the two unstable initial states totally agree with
analytically derived results@Eqs. ~13!, ~25!, ~26!, ~28!, and
~29!# even though the initial states are unstable.

C. Transient behavior

For CjÞ0 cluster states of different configuration are g
nerically associated with different synchronization freque
cies. Thus for CjÞ0 transitions between different con
7
ter

e
an

te
r

-
-

figurations give rise to transitions between different synch
nization frequencies. The term synchronization frequency
the context of an unstable synchronized state denotes
oscillators’ mean frequency in this particular state. Tran
tions of this kind may occur due to noise. However, in th
article we restrict ourselves to the analysis of the determ
istic dynamics of model equation~2!. In future work we plan
to report on the impact of noise on the model’s synchroni
tion behavior. However, in the simulations shown in Figs
and 8 we already encountered transitions between diffe
configurations occurring in our deterministic model. Let
consider what happens if a synchronized state is an unst
fixed point. Let the system start in a neighborhood of
unstable fixed point and let it be attracted by a stable s
chronized state, i.e., a stable fixed point. Depending on
relationship of the synchronization frequency of the unsta
and the stable synchronized state the oscillators’ mean
quencyF may increase~Fig. 9!, decrease~Fig. 10!, or re-
main unchanged~Fig. 11!. As shown in Sec. III D for
C15•••5C450 the synchronization frequency remains u
changed asr and F are conserved quantities. Except f
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56 2053PHASE AND FREQUENCY SHIFTS IN A POPULATION . . .
FIG. 5. Frequency shifts of two clusters: Plots compare analytically derived and numerically revealed frequency shifts in the syn
nized states of two clusters with parameters as in Fig. 3.Vnum* ~dots, surrounded by small circles!, V (1) ~dashed line!, andV (3) ~solid line!
are determined and plotted according to the explanation in the text. Plots show frequency shifts for different val
C1 , . . . ,C4 : C15C3520.01, C25C450.01 ~A! @fulfilling smallness condition~10!, i.e., uCj u!g52K214K4#, C15C3520.1,
C25C450.1 ~B!, C15C3520.2, C25C450.2 ~C!, C15C3520.5, C25C450.5 ~D!. In order to illustrate differences between analy
cally derived and numerically revealed frequency shiftsV (1) andV (3) are plotted as continuous functions ofn1 ~cf. Fig. 3!.
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C15•••5C450 the model parameters of the simulation
Fig. 11 are the same as in Figs. 9 and 10.

Note that the synchronization frequencies of the unsta
synchronized states revealed by numerical integration
shown in Figs. 9 up to 11 totally agree with the analytic
results obtained in Sec. III D.

V. NEURAL CODING

In this section we sketch how model equation~2! is re-
lated to neural networks. There are different approaches
modeling the dynamics of populations of neurons, for
stance, by means of networks of integrate-and-fire oscilla
@27,40# and networks of limit cycle oscillators@26,28#. This
article does not aim at particular details of network mode
Rather we focus on dynamical phenomena which may
important from the physiological standpoint. For this reas
we briefly mention how the dynamics of neurons can
approximated by limit cycle oscillators. However, we expe
that synchronized states of this kind occur in networks
integrate-and-fire oscillators, too.
le
d

l
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-
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.
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e
t
f

We take into account two types of neurons: firing a
bursting neurons. The membrane potential of periodica
firing neurons runs on a limit cycle@41#, whereas the slow
dynamics of the relaxation oscillation which generates
bursts displays a limit cycle@42,43#. For this reason we
model a single neuron of both types by means of a lim
cycle oscillator with time-dependent phasec(t) and time-
dependent amplituder (t). Phase and amplitude of an iso
lated neuron obey evolution equations which are of the fo
ṙ 5 f (r ,c) and ċ5v1g(r ,c), wherev denotes the eigen
frequency. We are allowed to assume that a suitable tra
formation has been performed so that on the limit cy
ṙ 50 holds@31,42#. Normal form theory guarantees that th
assumption is fulfilled@44#. Wheneverc(t)50 ~modulo
2p), the neuron fires or bursts, depending on whether it
firing or bursting neuron. The eigenfrequencyv models, e.g.,
the retinal input of a neuron in the visual cortex. The ne
rons’ mutual excitatory and inhibitory interactions are mo
eled by the oscillators’ mutual coupling. This way, the d
namics of a network of neurons can be approximated b
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FIG. 6. Frequency shifts of two clusters: Plots showVnum* ~dots, surrounded by small circles!, V (1) ~dashed line!, andV (3) ~solid line!
for the same model parameters as in Fig. 3 except for the values ofC1 , . . . ,C4 : C15C350.01, C25C4520.01~A! @fulfilling smallness
condition ~10!, i.e., uCj u!g52K214K4#, C15C350.1, C25C4520.1 ~B!, C15C350.2, C25C4520.2 ~C!, C15C350.5,
C25C4520.5 ~D!.
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population of coupled limit cycle oscillators. As explained
Sec. II populations of coupled limit cycle oscillators can a
proximately be described by populations of phase oscillat
Thus finally we end up with models which are of the form
Eq. ~1!. Note that along the lines of this phase reducti
approach Hanselet al. derived a model equation governin
the phase dynamics of two spiking Hodgkin-Huxley neuro
coupled by weak excitatory interactions@45#. For further de-
tails we refer to previous studies@26,28#.

Of course, the oscillators’ synchronization behavior rel
on the couplingG jk @Eq. ~1!#. ApproximatingG jk by lowest
order Fourier terms gives rise to models which typically d
play a one-cluster state@31#. According to previous studie
~cf. @20,21#! and to our analysis due to higher order Four
terms of the couplingG jk a variety of additional and quali
tatively different synchronization phenomena occur, for
stance, one observesn-cluster states, oscillatory cluste
states, and chaotic dynamics.

Thus from a theoretical point of view we expect th
populations of neurons may exhibitn-cluster states, too
Based on this conjecture one may speculate about the p
ological function of these cluster states. Let us, for instan
-
s.

s

s

-

r

-

si-
e,

consider sensory segmentation. Augmenting the concep
von der Malsburg and Schneider@5# we might propose tha
all neurons, which encode local features belonging to o
particular object, join into two or more phase-locked clu
ters. In comparison with the original concept of von d
Malsburg and Schneider phase-locked clusters open up
additional effective encoding mechanism, where additio
attributes of the object can be encoded by~a! the type of the
cluster state~e.g., two-cluster state! and~b! the configuration
of the cluster state. Moreover, a particular object might
encoded dynamically, i.e., by means of~a! transitions be-
tween different configurations, where the type of the clus
state remains the same, and~b! transitions between differen
types of cluster states, e.g., a transition from a two-clus
state to a three-cluster state. As a consequence of such
sitions, for instance, unstable cluster states may disapp
whereas stable cluster states evolve as analyzed in Sec. I
On the other hand, e.g., oscillations between different
stable cluster states may occur as investigated by Ha
et al. @20#.

According to our results transitions between differe
cluster states are typically associated with transitions
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FIG. 7. Frozen state: Plots show transition from an unstab
two-cluster state to a stable frozen one-cluster state. Numerica
tegration of model equation ~2! for N520, K150.2,
K25K35K450.01, C15C350.5, C25C450. Initial phases of
clusters 1 and 2@i.e., c1(0), . . . ,c10(0) andc11(0), . . . ,c20(0)#
are normally distributed around 0 andp with standard deviation
0.001. Upper plot showsxk5sinck13.5k for all oscillators
(k51, . . .,20). Local maxima ofx1 , . . . ,x20 are indicated by black
dots in order to illustrate the synchronization configuration. Mid
plot shows mean frequency of all oscillatorsF ~solid line! and
amplitude of all oscillatorsR ~dashed line!. Lower plot displays
amplitudes of cluster 1 (R1, solid line! and cluster 2 (R2, dashed
line!.

FIG. 8. Frozen state: Unstable three-cluster state vanishes, a
stable frozen one-cluster state evolves. Numerical integration
model equation~2! for N521, K150.2, K25K35K450.01,
C15C350.5, C25C450. Initial phases of clusters 1, 2, 3@i.e.,
c1(0), . . . ,c7(0), c8(0), . . . ,c14(0), c15(0), . . . ,c21(0)# are
normally distributed around 0, 2p/3, 4p/3 with standard deviation
0.001. Upper plot showsxk5sinck13.5k for all oscillators
(k51, . . .,21). Local maxima ofx1 , . . . ,x21 are indicated by black
dots. Middle plot shows mean frequency of all oscillatorsF ~solid
line! and amplitude of all oscillatorsR ~dashed line!. Lower plot
displays amplitudes of cluster 1 (R1, solid line!, cluster 2 (R2,
dashed line!, and cluster 3 (R3, dotted line, covered by solid line!.
tween different synchronization frequencies. It is difficult
even impossible to detect dynamical phenomena of this k
by means of linear correlation techniques. Whether pha
locked clusters play an important role in neural coding c
only be decided experimentally. Of course, this can only
done if the experimentalists are provided with appropri
data analysis tools.

n-

d
of

FIG. 9. Transient behavior: Unstable frozen two-cluster stat
vanishes, and stable one-cluster state evolves. Numerical inte
tion of model equation~2! for N520, K150.5, K25K35K4

50.01, C150, C3521, C25C450.5. Initial phases of clusters 1
and 2 @i.e., c1(0), . . . ,c10(0) and c11(0), . . . ,c20(0)# are nor-
mally distributed around 0 andp with standard deviation 0.001
Upper plot shows xk5sinck13.5k for all oscillators
(k51, . . .,20). Local maxima ofx1 , . . . ,x20 are indicated by black
dots. Middle plot shows mean frequency of all oscillatorsF ~solid
line! and amplitude of all oscillatorsR ~dashed line!. Lower plot
displays amplitudes of cluster 1 (R1, solid line!, cluster 2 (R2,
dashed line!, and cluster 3 (R3, dotted line, covered by solid line!.

FIG. 10. Transient behavior: Transition from an unstable two
cluster state to a stable one-cluster state. Numerical integration
model parameters as in Fig. 9 except forC150, C351, C25C4

520.5. The same format as in Fig. 9 is used.
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The synchronization behavior of model equation~2! is not
only interesting in the context of neural coding. This mod
may also be a starting point for the analysis of other dyna
cal phenomena well known from neurophysiology. W
briefly mention two examples.

~a! Transient phenomena associated with changes of
synchronization behavior abound in neurophysiology. For
stance, one may consider transient changes of the e
tromyographically recorded burst pattern induced by sin
rapid isometric finger extensions@46#.

~b! The second example refers to bimanual movement
ordination. Haken, Kelso, and Bunz developed a parad
matic macroscopic model for phase transitions in hum
hand movements@47#. The latter describes the oscillator
dynamics of the two index fingers: An increase of the mo
ment frequency gives rise to a transition from an antiph
mode into an in-phase mode. Equation~2! can be used in
order to develop a mesoscopic version of the Haken-Ke
Bunz model describing the activity of populations of neuro
located in the left and right motor cortex: For simplicity w
setK35K45Cj50. Both K1 andK2 depend on the move
ment frequency, where with increasing movement freque
K1 increases andK2 decreases. This causes a transition fr
a two-cluster state to a one-cluster state. In the two-clu
state the two populations which are located in different m
tor cortices fire in antiphase, whereas in the one-cluster s
both neuronal populations fire in unison.

VI. DISCUSSION

In this study we investigated phase-locked synchroni
states which may be important from the physiological po
of view, e.g., in the context of neural coding. The starti
point of our analysis is Eq.~1!, the famous model of con
tinuously interacting phase oscillators@30,31#. In former
studies the 2p-periodic couplingG jk was typically approxi-
mated by lowest order Fourier modes~see, e.g.,@31#!.
For instance, the interactions of globally coupled pha
oscillators were modeled byG jk(c j2ck)5G(c j2ck)

FIG. 11. Transient behavior: Transition from an unstable two
cluster state to a stable one-cluster state. Parameters as in F
except forC15C25C35C450. The same format as in Fig. 9
Note thatF is a conserved quantity.
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5KN21sin(cj2ck), whereK is the coupling strength, and
N is the number of oscillators. If the coupling is stron
enough as compared with the spread of the eigenfrequen
the oscillators are joined into one giant cluster@31#.

Obviously the coupling decisively determines the sy
chronization behavior. Thus even in the case of globa
coupled oscillators one might expect that for different co
pling G qualitatively different synchronized states occur. F
this reason in the present article we investigated a popula
of globally coupled phase oscillators, where in contrast
former studies the coupling was approximated by Fou
modes up to fourth order@cf. Eq. ~2!#. According to our
results this model displays a rich synchronization behav
Aside from in-phase synchronization~one-cluster state! we
encounter qualitatively different phase-locked states: tw
cluster states, three-cluster states, and four-cluster state
illustrated in Fig. 1. The model parameters and the ini
conditions determine whether all oscillators form one gia
cluster or whether they break into two, three, or four pha
locked clusters of arbitrary size. Within one cluster the ph
difference between any two oscillators vanishes or is sm
as compared with the phase difference between diffe
clusters~cf. Fig. 1!.

The synchronized states analyzed in this study are ph
locked states in which all oscillators run at the same f
quency, i.e.,ċ j5V* for j 51, . . . ,N. Lower order shifts of
the synchronization frequency depend on the configurat
i.e., the number of oscillators within each cluster, where
higher order shifts additionally depend on the eigenf
quency distribution~cf. Fig. 2!. For suitably chosen and fixe
model parameters the synchronization frequency vanis
for a particular configuration. We denote synchronized sta
with vanishing synchronization frequency as frozen states
the latter are unstable fixed points we typically encoun
transients during which an initially vanishing synchroniz
tion frequency increases~cf. Fig. 9!. Lower order shifts and
higher order shifts of the mutual phase differences depend
the configuration as well as on the eigenfrequency distri
tion.

If all oscillators have the same eigenfrequency (v j5V),
every configuration is associated with a multiplicity of a
tractors according to Eq.~33!. For CjÞ0 @cf. Eq. ~2!# each
configuration generically corresponds to a particular s
chronization frequency. Thus we encounter a degenerac
the synchronized states as far as the synchronization
quency is concerned~cf. Fig. 2!. As illustrated in Fig. 2 this
degeneracy vanishes due to randomly distributed eigen
quencies.

Both frequency shifts and phase shifts were explicitly d
termined by means of a combination of center manifold th
rem and a nonlinear renormalization procedure. Thereby
had to assume that the spread of the eigenfrequencies
some of the model parameters are small in comparison w
the synchronizing coupling constants@cf. condition ~10!#.
For larger values of the spread and of the model parame
we checked our results numerically. Our approach can ea
be applied in the case of randomly distributed coupling
efficients, too. To this end for the coupling constants b
tween j th and kth oscillator we setK jk5Km1«K̃ jk and
Cjk5Cm1«C̃jk , where thej th oscillator is in themth clus-

. 9
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ter. $K jk% and $Cjk% give rise to additional terms of phas
and frequency shifts.

In several previous studies the cluster states under con
eration were not essentially phase-locked states@17–19#. As
yet the latter were addressed by only a few studies.

Okuda analyzed globally coupled phase oscillators, wh
the coupling contained higher harmonics, and the coup
coefficients were attractive as well as repulsive@21#. His
investigation revealed a rich dynamical behavior, for
stance, aside from in-phase states he observed antip
states, oscillating cluster states, and chaotic long transie
Okuda focused on ‘‘symmetric’’ cluster states where ea
cluster contains the same number of oscillators. On the o
hand, in his model all oscillators had the same eigen
quency (v j5V). Hence he was not able to study how fr
quency shifts depend on the cluster state configuration
on the oscillators’ detuning.

Phase-locked cluster states in a network of globa
coupled oscillators were also studied by Hanselet al. @20#.
The coupling in their model contained Fourier modes of fi
and second order. Due to the choice of model parame
they observed three typical types of dynamics: a one-clu
state, a totally incoherent state, and a pair of unstable t
cluster states connected by a homoclinic orbit. In the
regime adding noise gives rise to oscillations between
two two-cluster states. The oscillators in their model h
uniform eigenfrequencies (v j5V), too. For this reason als
this study was not devoted to the influence of eigenfreque
detuning and configuration on the synchronization freque
of stablen-cluster states.

Antiphase synchronization caused by repulsive coup
was investigated in a model for synchronized oscillations
the visual cortex by Tass and Haken@28,33#. In their model
the synchronized state corresponds to one attractor~modulo
2p). In particular, the configuration only depends on t
distribution of repulsive and attractive coupling. Moreov
in this model we do not encounter a multiplicity of attracto

Models of globally coupled oscillators are widely use
for instance, in the context of multimode lasers@48#, Joseph-
son junction arrays@49#, and biological populations, such a
fireflies @50# and crickets@51#. As discussed in the forme
section our results are additionally interesting from t
standpoint of neurophysiology.

~1! Model equation~2! can be augmented to become
mesoscopic version of the Haken-Kelso-Bunz model for
manual coordination@47#.

~2! Transient phenomena associated with changes of
synchronization behavior are frequently observed in e
tromyographic studies~cf. @46#!.

~3! In contrast to coding by synchrony the phase-lock
cluster states mentioned above open up additional co
facilities. For instance, let us consider sensory segmenta
An object as a whole could be encoded by means of neu
joined into a phase-locked cluster state, whereas additi
information could be encoded by means of the configura
of this particular cluster state.

The relevancy of the above mentioned cluster state
neural coding and other neurophysiological phenomena
only be checked experimentally. To this end experimental
have to be able to detect~a! the cluster states and~b! transi-
tions between different cluster states. Obviously this is
id-

re
g

-
ase
ts.
h
er
-

nd

y

t
rs
er
o-
st
e

d

cy
y

g
n

,
.
,

i-

he
c-

d
g
n:
ns
al
n

to
an
ts

a

challenge for nonlinear data analysis.
Let us finally mention that from the neurophysiological

well as theoretical point of view it is important to investiga
the role the noise in the synchronization behavior of Eq.~2!
plays. For instance, due to the multiplicity of attractors,
particular, in the thermodynamic limit (N@1) one might ex-
pect similar effects as revealed in the context of attrac
crowding@14#. Our results concerning the influence of noi
on the synchronization behavior of our model will be pr
sented in a forthcoming article.
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APPENDIX A: TWO CLUSTERS

Frequency shifts of higher order are

d~3!5d1V1d2~n1
2V11n2

2V2!1d3~n22n1!n1L1 ,
~A1!

d~3!
† 5d4~n12n2!2n1n2 , ~A2!

whereV, Vj , andL1 are defined in Sec. II, and

d15
C128C219C3232C4

8«2~K212K4!2 , d252
3~C119C3!

8«2~K212K4!2 ,

~A3!

d35
~C11C3!~C128C219C3232C4!

2«~K212K4!2 , ~A4!

d45
~C11C3!2~C128C219C3232C4!

2~K212K4!2 . ~A5!

Higher order terms of the phase shift in the synchroniz
state read

x j5
1

2K214K4
h j1«

K113K3

4~K212K4!2

3@~nn2nm!h j1nnLn2nmLm#, ~A6!

x j
†5«

C11C3

2K214K4
@nm2nn1~nn2nm!2#

1«2
~C11C3!~K113K3!

2~K212K4!2 @nn~nm2nn!1~nn2nm!3#

1O~ ixci3! ~A7!

for the j th oscillator in the nth cluster, mÞn ~i.e.,
n51,m52 or n52,m51), Ln as introduced in Sec. II.
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APPENDIX B: THREE CLUSTERS

For the j th oscillator in thenth cluster we obtain

H j~xc!5
d~2!«

2

3K3
1$ f j~nn11nn222nn!2gj~nn12nn2!%

3«h j1 f j«~2nnLn2nn1Ln12nn2Ln2!

1gj«~nn1Ln12nn2Ln2!1O~ ixci3!, ~B1!

H j
†~xc!5

d~2!
† «2

3K3
1$ f j~nn11nn222nn!2gj~nn12nn2!%

3«h j
†1 f j«~2nnhk~n!

† 2nn1hk~n1 !
† 2nn2hk~n2 !

† !

1gj«~nn1hk~n1 !
† 2nn2hk~n2 !

† !1O~ ixci3!, ~B2!

f j5(K112K214K4)/(18K3
2), gj5(C122C214C4)/

(6A3K3
2), and nn15n[n11]3

, nn25n[n21]3
, where @k#m

5@k#mod m ~e.g.,@5#352). By hk(n)
† ,hk(n1)

† , hk(n2)
† we de-

note hk
† , where the kth oscillator is in cluster

n, @n11#3 , @n21#3. The shifts of the eigenfrequencie
read

h j
†5

«A3

2
~n[n11]3

2n[n21]3
!~K12K21K4!1«~C11C2

1C4!
1

2H (
k51

3

~nk2n[k11]3
!21n[k21]3

1n[k11]3
22nkJ

~B3!

for the j th oscillator in thenth cluster. Terms of secon
order of the synchronization frequency are

d~2!5
C122C214C4

A3«K3
(
k51

3

~n[k11]3
2n[k21]3

!nkLk ,

~B4!

with Lk from Sec. II, and

d~2!
† 5

C122C214C4

K3
F1

2
~K12K21K4!S (

k51

3

nkn[k11]3

29n1n2n3D 1
1

2A3
~C11C21C4!

3 (
k51

3

~nk2n[k11]3
!2G . ~B5!

APPENDIX C: FOUR CLUSTERS

The shifts of the eigenfrequencies are

h j
†5«~K12K3!~n[n11]4

2n[n21]4
!1«C2$~n11n32n2

2n4!21n[n11]4
1n[n21]4

2nn2n[n12]4
%1«~C11C3!

3@~n12n3!21~n22n4!21n[n12]4
2nn#, ~C1!
for the j th oscillator in thenth cluster. Higher order fre-
quency shifts in the synchronized state read

d~2!5
C123C3

2«K4
$~n22n4!~n1L12n3L3!

1~n32n1!~n2L22n4L4!%, ~C2!

with Lk as introduced in Sec. II, and

d~2!
† 5

C123C3

2K4
~D11D2!, ~C3!

where

D15~K12K3!@~n11n3!~n22n4!21~n21n4!~n12n3!2#,
~C4!

D25~C112C21C3!~n21n42n12n3!~n12n3!~n22n4!.
~C5!

For the j th oscillator of thenth cluster we get higher orde
phase shifts

H j~xc!5
d~2!«

2

4K4
1H K113K3

64K4
2 ~nn112nn!1

K2

8K4
2 ~nn11nn2

2nn2nn11!2
C123C3

64K4
2 ~nn12nn2!J «h j

1
K113K3

64K4
2 «~nnLn1nn11Ln11!

1
K2

8K4
2 «S nn11Ln112 (

m
mÞn11

nmLmD
1

C123C3

64K4
2 «~nn1Ln12nn2Ln2!1O~ ixci3!,

~C6!

H j
†~xc!5

d~2!
† «2

4K4
1H K113K3

64K4
2 ~nn112nn!1

K2

8K4
2 ~nn11nn2

2nn2nn11!2
C123C3

64K4
2 ~nn12nn2!J «h j

†

1
K113K3

64K4
2 «~nnhk~n!

† 1nn11hk~n11 !
† !

1
K2

8K4
2 «S nn11hk~n11 !

† 2 (
m

mÞn11

nmhk~m!
† D

1
C123C3

64K4
2 «~nn1hk~n1 !

† 2nn2hk~n2 !
† !1O~ ixci3!,

~C7!

and nn15n[n11]4
, nn115n[n12]4

, nn25n[n21]4
. Analo-

gously hk(n)
† , hk(n1)

† , hk(n11)
† , hk(n2)

† denotehk
† , with

k in clustern, @n11#4 , @n12#4 , @n21#4.
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