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We investigate the synchronization behavior of a population of globally coupled phase oscillators with
randomly distributed eigenfrequencies. A variety of synchronized states is rigorously analyzed by means of the
center manifold theorem combined with a nonlinear renormalization procedure. This way, the different syn-
chronized states are determined explicitly. We obseratuster states, wheme=1, . .. ,4. In asynchronized
state all oscillators have the same frequency. Synchronization frequency and mutual phase differences depend
on model parameters as well as on the configuration of the synchronized state, i.e., the number of oscillators
within each cluster. The synchronization frequency may decisively differ from the mean of the eigenfrequen-
cies, e.g., giving rise térozen stateswhich are synchronized states with vanishing synchronization frequency.
Unstable cluster states are associated with transitions between different synchronization frequencies. Our
approach can easily be extended to a population of oscillators with randomly distributed coupling strengths.
The different synchronized states are discussed in the context of neural d®9§3-651X97)03908-1

PACS numbdps): 87.10+e, 05.45+b

I. INTRODUCTION count that neurons are coincidence detec(se®, €.g9.[5]).
For this reason we are interested in synchronized states ex-
During the act of perception sensory segmentation sepadibiting groups of mutually synchronized oscillators as is
rates the sensory input into pieces which form patterns. Fovell known from the so-called cluster stafds-21.
instance, in order to recognize single objects of the visual Let us recall that there are different levels of synchroni-
world, the brain has to separate different objects from eacRation.(@ Synchrony(in-phase synchronizatiofis the stron-
other and from the background. This process is called scergest form of synchronization, where the phase difference be-
segmentation or figure-ground segregafitr?]. The neuro- tween any two oscillators vanisheésnodulo 2m). (b) A
physiological mechanism which realizes scene segmentatioffeaker form of synchronization is phase locking, where the
is still a matter of debate. It is well known that local visual 0scillators’ mutual phase differences are constant, but gener-
features are detected by single neurons with suitable receglly do not vanish(c) The term frequency locking denotes a
tive field propertied3,11]. An object consisting of several synchronized state in which all oscillators have the same
local features can only be recognized if the local information@verage frequency, whereas there need not be a fixed phase
is combined appropriatelf1,2]. It was suggested that this relationship.(d) Clustering is a more local type of synchro-
process is realized by means of a temporal neuronal firin(iﬁ'za“_on typically investigated in lattices of oscillators with
code[2,4,5). In particular, von der Malsburg and Schneider local interactiong17]. Anyhow, clustering occurs in popula-
suggested that sensory segmentation is realized by an ifons of globally coupled oscillators, tga8—21. Due to the
phase Synchronization of the f|r|ng activity of all neuronsmutual interactions the oscillators form several clusters.
encoding local features which belong to one particular objec¥Vithin each cluster all oscillators have the same phase. The
[5]. This notion was confirmed as synchronized oscillatoryPhase differences between different clusters do not vanish;
neuronal activity was found in rabt{ﬁ], Cat[7,8,1a’ pigeon genera”y they are functions in time. A state is called cluster
[9], and monkey{10]. state if the number of different clusters remains finite as
A multitude of theoretical studies dedicated to the dynamN—2, whereN is the number of oscillators.
ics of populations of oscillators showed that apart from in- In this study we investigate a population of globally
phase synchronization and incoherent activity there is a vacoupled phase oscillators with continuous interactions. De-
riety of qualitatively different dynamical phenomena, for pending on the model parameters and the system’s initial
instance, splay-phase statgk3], attractor crowding[14], conditions all oscillators may form one giant cluster or they
plateaus of frequency-locked oscillatdis5,16], clustering ~May break into two, three, or four phase-locked clusters of
[17-21], dephasing and burstinf22], finite-size-induced arbitrary size. The phase difference between any two oscil-
transitions[23], and collective chaotic behavigi9,24,25. lators within one cluster vanishes or is small as compared
Thus from a theoretical point of view one might expect thatwith the phase difference between different clustefsFig.
apart from synchrony of periodic activity and incoherencyl)- The cluster states under consideration are phase-locked
the experimental data might display other dynamical state§tates in which all oscillators run at the same frequency, i.e.,
which cannot be detected by means of the typically applieds;=Q* for j=1,... N, wherey; is the phase of thgth
linear correlation techniques. Nevertheless, these dynamicakcillator,N is the number of all oscillators, ard* is the
states might play an important role as far as the neuronaynchronization frequency. Synchronization frequency and
code and in particular sensory segmentation is concerned. shifts of the mutual phase differences decisively depend on
In order to decide which dynamical states might be interthe number of oscillators within each cluster.
esting in the context of the neuronal code, we take into ac- Note that we do not intend to present a detailed model for
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FIG. 1. Schematic illustration of the different synchronized statesingle oscillator is represented by a dobnnected with the origin
on the unit circle in the complex plane accordingzfe-exp(d;). A synchronized state consists of of#), two (B), three(C), or four (D)
clusters in each of which the oscillators have constant sfealivanishing mutual phase differences. All oscillators run at the same
frequency. The latter depends on the model parameters as well as on the synchronization configuration, i.e., the number of oscillators within
the different clusters. Different configurations are typically associated with different synchronization frequencies as indicated by arrows of

different length. The synchronized states will be called the one-cluster(étatéwvo-cluster statéB), three-cluster statéC), four-cluster
state(D).

synchronized neuronal activity in the visual cortex as wasour main concern in this paper is to investigate synchroniza-
done in other studief26—28. The model analyzed in the tion phenomena which are interesting from both the theoret-
present article may be augmented to become a minimatal and the neurophysiological point of view. In particular,

model for synchronized neuronal activity in the visual cor-we analyze the relationship between synchronization fre-
tex, e.g., along the lines of a previous sty@g]. However, quency and locking behavior in a population of phase oscil-
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lators. From the physiological standpoint interest in this re-of deviations 7, the eigenfrequencies may be written as
lationship rose as a consequence of recent experimental,=Q+ #,. In the synchronized states analyzed below all
findings. For instance, it was observed that the activation obscillators have the same frequency, which will be called
the mesencephalic reticular formation caused an enhanceynchronization frequencyAs a consequence of mutual
ment of stimulus-specific synchronization associated with aphase differences one up to four clusters of synchronized
increase of the synchronization frequen2g]. oscillators evolvecf. Fig. 1). The cluster frequencyof the

The paper is organized as follows. In Sec. Il we introducevth cluster, i.e., the mean of the eigenfrequencies of the os-
the model equation. Section Il is devoted to the analyticakillators in the w»th cluster, will be denoted by
investigation of the different cluster states under considerﬂvafEk(V)wk, whereX,,) denotes summation over all
ation. Numerical results are presented in Sec. IV. In Sec. \k, where thekth oscillator is in thevth cluster.N, denotes
we sketch how the model equation can be augmented tghe number of oscillators in theth cluster. Deviations of the
become a minimal model of synchronized neuronal activitycluster ~frequencies A, are introduced by setting

in the visual cortex. Flna"y in Sec. VI we summarize andQV=Q+AV_ The variance of the eigenfrequencies of the

discuss our results. vth cluster readSV,,= N;J'Ek(y)(wk_ﬂy)zz N;lEk(V)(nk
—A,)2. The third moment of the distribution of all eigen-
Il. THE MODEL EQUATION frequencies will be denoted by =N"1Z}  (w,—Q)3

= N~1=R_, 7. Finally we introduce the terraonfiguration

lation of limit cycle oscillators by means of the dynamics of of the synchronized stathich will be defined by the num-
Y y y ber of oscillators within each cluster, no matter which par-

a popula’glon of phase OSC|IIat0[§Q]. He assum.ed that the ticular oscillator belongs to a certain cluster. In this article
coupling is weak as compared with the attractiveness of the

imi le. Thus th i dominatelv affects th We briefly denote the configuration of the synchronized state
Imit cycle. Thus the coupling predominately affects the mo-4s configuration Let us, for example, consider the three-
tion of each oscillator arOl_md its limit cycle. Kuramoto pro- cluster stateg/Fig. 1(C)]. In this case the configuration is
vided a sound mathematical framework for this notion of iven by (N;,N,.N3)

phase oscillators in the case of weak coupli8d]. As far as 9 Y N1 N2, Na)-

phase and frequency shifts in the synchronized states are

Winfree proposed to approximate the dynamics of a popu

concerned this approximation also holds in the case of strong . ANALYTICAL INVESTIGATION
coupling for different networks of limit cycle oscillators _ . .
[33]p g y Below it will turn out that the model equatid@) displays
' a rich synchronization behavior. Aside from synchrony the

A typical I ion for smoothly interacting ph : . )
oscillg[glr(;arergggiaeo é%uato or smoothly Interacting p asepopulat|0n of oscillators may break into two, three, or four

phase-locked clusters as illustrated in Fig. 1. The different
synchronized states have to be analyzed separately. How-
. N ever, our strategy remains the same in all four cases. There-
Y=oj— 2 TpW—¢)  (j=1,...N), (1)  fore in the following section we briefly sketch the strategy.
k=1 Our investigation essentially relies on the center manifold
_ ) _ ) theorem[34]. In Sec. Il B we explain how to apply this
where ¢; is the phase of thgth oscillator, andw; is the  theorem along the lines of our approach. Next we investigate

eigenfrequency of th¢th oscillator. The oscillators’ mutual {he different synchronized states in Secs. 1l C—III F.
interactions are modeled by, where I'; (x+2m)

=I"jx(x) holds. Thus we can expardy in terms of Fourier
modes. In the case of globally coupled oscillators we are
allowed to sefl"; (x) =T'(x). If one is interested in interac- Let us briefly sketch the main features of our analysis.
tions giving rise to in-phase synchronization it is sufficientto (1) We introduce a rotating coordinate system. Due to a
take into account first order terms &f(x), for instance, suitable choice of the rotation frequency in the rotating co-
I'(x)=KN~1sin(x), whereK is the coupling strengtfcf. ordinate system the synchronized state under consideration is
[31]). Higher harmonics of the coupling enrich the dy- nothing but a stable fixed point. The proper rotation fre-
namical behavior of Eqg(1) considerably: Aside from mac- quency is the synchronization frequency denotedy
roscopic synchronizatiorf32] one encounters clustering (2) The system’s dynamics acts on two time scales, where
[20,21]. For this reason we take into account Fourier modeghe slow variables determine the motion of the fast variables
up to fourth order, this way obtaining our model equation as is well known from the slaving princip[&5,346. In par-
ticular, in all synchronized states the slow variables are con-

A. Strategy

LN stant. For this reason it is convenient to determine phase and
o= ; o frequency shifts explicitly by means of the center manifold
¥i=o; Nk2 Ezl {Knsinim(y; =] theorem 34]. Moreover the center manifold theorem enables

us to prove the stability of the different synchronized states.
+Cmeod m(¢;— )1}, 2 (3) The center manifold theorem can only be applied if
the coordinate system is rotating with a suitable frequency. A
where we assume th#t,,>0 holds. Before we turn to our renormalization procedure guarantees that the proper rotation
analytical analysis let us first introduce several notationsfrequency is chosen. In oscillator theory renormalization by
Mean and variance of all eigenfrequencies will be denotedinear counterterms is a common tool for the determination
by Q=N"!Z} o, andV=N"1Z} . (w,— Q)2 By means of frequency shifts caused by the couplif&]. In previous



2046 PETER TASS 56

studies a combination of linear renormalization and centesimplified. (&) The reduced problem becomes trivial as it
manifold theorem was used in order to analyze phase angadsx,=0. (b) On the other hand, Eq6) takes the simple
frequency shifts in some oscillator modgss8,37. However,  form
as far as model equatid®) is concerned a linear renormal-
ization procedure will not work. This will be discussed in
Sec. Il C. For this reason in the present paper we perform a h(Xe) = = Bg 'ng(xc ,h(Xc)). 0
nonlinear renormalization procedure
Anyhow, it may still be impossible or at least complicated to

B. Center manifold invert the matrixBg analytically. For this reasota) we (rig-
. . . ._orously) introduce an additional variable, ao) we assume
. Itis our_goal to determine the synchronized states eXpIIC’[hat some of the coupling constants obey certain smallness
itly. To this end in Secs. Il C—IIIF we perform suitable ., 4iions. As a consequence of these manipulations the ma-
transformatlons which cast model equap@) into a form trix of the stable part of the transformed model equation is
which allows us to apply the center manifold theorem eﬁec'given by
tively. These transformations are different in the four cases:
As a result of these transformations the state of the popula-
tion of oscillators is described by two sets of variables: the B;=—yE, (8
center modes and the stable modes. Denoting the vectors of
the center and the stable modes kyand xg, the trans- where E denotes the identity matrix, angt is a positive

formed system reads constant. Inserting Ed8) into Eq. (7) we end up with
)-(c: BeXc+ Ne(Xe 1 Xs), ©) 1
h(xc)= ; ns(xc ,h(Xc)), 9
Xs=BXst Ng(Xe 1 Xe). @)

which enables us to determine terms of lowest orden of

) _ ) a straightforward way. According to the center manifold
The eigenvalues of the matrB; vanish, whereas the eigen- {heorem the states described by E8). are stable because
values of the matrbB, have negative real partac(X:,Xs)  they are local attractor§34]. Equation (5) determines a
andng(Xx;,Xs) denote the nonlinear terms. As a consequence, . e o poinbecause the reduced problem reé{gs 0

of the above mentioned transformations the linear parts o s a result of the above mentioned suitable transformations

tehaecr?tc?t%l:r n&%d?:cﬁgd :lgilic;](eerz]atf tre:rr]r?sd ﬁ]SE‘(eg asrlfjrzi)r?/f/(;d fr%ne fixed point is nothing but the synchronized state under
. - Neg 9 . ' consideration. Note that the center manifold theorem only
obtain the Jordan form of the linear probldoi. [38], Chap. holds if

6). In a small neighborhood of zero the stable modes are
given by the center modes according to
Ixcll<y (10)
Xs=h(xe), ® is fulfilled (cf. [34). Due to this condition the deviations

) . 71, - - ..My @and some of the coupling constants have to be
whereh only contains terms of second and higher of@#.  gmga|| as compared witly. This will be discussed in detail

Equation(S} char_acterizes. the c;entgr manifold. The paramg|ow. For larger values dfi || we have to analyze the syn-
eter range in which Eq5) is valid WI|| be stated mOre pre-  chronized states, for instance, numerically.

cisely below. On the center manifold the dynamics obeys
Xe=BeXc+ ne(Xe  h(Xc)) [34]. This equation is the so-called
reduced problem. Thus in order to analyze the dynamics on _ . _ .
the center manifold we have to determineTo this end we In this section we analyze a synchronized state given by
differentiate Eq. (5) with respect to time, obtaining ©One cluster of oscillators all having the same frequency and

x¢=Dh(x.)x., whereD denotes the differentiation operator. STl mutual phase differencésf. Fig. 1A)]. To this end
With Egs.(3) and(4) we immediately see that we introducerelative phases

C. One cluster

(D)= ;(t) — Q*t—9. (11)
Bsh(Xc) +Nns(Xc,N(Xc)) = Dh(X)[BeXe +Ne(Xc ,h(Xe))]
(6) 6 is a constant phase shift which will be determined below.

] ) o O* is thesynchronization frequengye., the oscillators’ fre-
has to be fulfilled. ObV|OUSIy the determination h)may be quency in the Synchronized State' given by

rather complicated. Additionally the resulting reduced prob-

lem may be so complex that it would be impossible to carry

out an analytic investigation. Hence we performanlinear Q*=Q-A, (12)
renormalization proceduras explained in Sec. llIC. As a

result of this procedur8.x. as well asn.(x.,h(x.)) vanish  with Q as introduced in Sec. IA is acountertermwhich is
on the center manifold. This way our analysis is decisivelyexpanded in terms of, where 0<eg<1 holds:
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” (a) The equations for, . . . ,¢y and condition(17) are

A= ZO AMgr, (13)  expanded according to TayloA(® A® are determined by
. taking into account constant terms and terms of first order. In
this article the order of terms refers to the center modes.
Thus terms ofth order are~||x/".

(b) In order to separate the linear parts of center and
stable modes we perform the transformatias = ¢;
— nj/a—p so that the vectors of center and stable modes are

A will contribute to anonlinear renormalizationof the
eigenfrequencies. To this enfi® A®M AP will be
chosen appropriately below. Inserting E@L1) into the
model equatior(2) we obtain

| PN given by Xx.=(e.p.m, - X%=(e1, ... on)".
bj=n+A— —> > {Kmnsinim(¢; — ¢y ] (---)T denotes the transposed vecter (). As a result of
NK=1 m=1 this transformation the matrix of the stable modes is of the

form presented by Eq8), wherey=a [cf. Eq. (15)].
(c) h is determined in lowest order according to E@).
(d) In order to determine counterterms of higher order,

+Crcodm(;— ¢ 1} (14

Moreover we introduce the abbreviations

ie., A@A® A®  weinserth into condition(17),
4 1.4 14 this way taking into account nonlinear terms. The determi-
a= 2 mK,,, b= 52 m2C,, C= 52 m3 K. nation of these counterterms is in principle trivial. Neverthe-
m=1 m=1 =

less, it is quite tedious. Thus in this study we restrict our-
(15 selves to the determination of frequency shifts of second
. . . order, i.e., A®®. Note that thisnonlinear renormalizatioris
On .the other hand, we introduce an additional variable byOnly possible because we treas variable.
setting We immediately see that conditigh7) is alwaysfulfilled
N (not only on the center manifoldf C,=C,=C3=C,=0.1In
_ E this casep is a conserved quantityno matter whether the
p(t) =2 b, (16 . . .
k=1 system is synchronized or not, and correspondirglyan-
ishes. But if at least one of the coefficien®s,C,,C3,Cy
This (rigorous trick decisively simplifies our analysis, which does not vanish, we have to choose the counterterms
is based on the center manifold theorem. In particular, the\(® A A appropriately so that conditiofl?) is
matrix of the stable modes() is simply a diagonal matrix fulfilled. This yields
which can be inverted in a straightforward way. Eq. (8)].

e as well aszq, ... ,ny are constant. Thus we cdrig- 4
orously treat them as variables which do not change: A(0)=le Cn, AW=0, AP=- prvAl (18
e=mn1=---=ny=0. Thereforee,n,, ...,ny are center
modes(cf. Sec. Ill B). We want to cast Eq3) into a most  These counterterms describe the frequency shifts, which oc-
convenient form. For this reason we postulate that cur in the synchronized state as a result of the oscillators’
_ mutual interactions. We still have to calculate the phase
p=0  on the center manifold (A7) shifts ¢4, ... ,¢y in the synchronized statef. Eq. (11)].

The stable modes in the synchronized state are determined
has to be fulfilled. This can easily be achieved by an approby the center modes according to E8): ¢;=h;(x.), where
priate choice of the counterternts® AM AR from  h(x)=(hy(Xe), - . . hn(X)). Taking into account thap
Eq. (13). As a consequence of conditioh?), Eq. (3) simply  vanishes on the center manifold for a suitable choice of
readsx,= 0. If condition (17) is fulfilled, the synchronized 6=N""Z,-{"¢(0) with Eq. (11) we finally end up with
state is a stable fixed point which lies within a small neigh-the synchronized state
borhood around zero as will be shown below. Therefore by
means of the center manifold theorem we can calculate the
fixed point explicitly in order to determine phase and fre-
quency shifts. On the other hand, if conditi¢h?) is not _ L _
fulfilled we obtainp=M (e, 7, . . .,7y), WwhereM does not 1S @ congtant phase shift, fﬂ@'= na +hij(xc). We obtain
depend orp. Thusp(t)=Mt+ p, (po=consl. In this case X =(C7;+3cyV—cM)/a*+O([x ) if Cy=---=C,

p increases or decreases monotonously. Consequently 0, OF else we gey;=b(7—V)/a+0(||x:|%). Thus in the
system does not stay within a small neighborhood aroungynchronized state all oscillators have the same frequency,
zero. Thus the center manifold cannot be applied. For this

HO=0%t+ g3, where g o+ Dty (19)

reason we have to guarantee that conditidy is fulfilled ‘ 5

by means of proper countertermad® AM AR ) In 4 mz:l m"Crm

particular, below it will turn out that foiC;#0 condition 0*=0- 2, Cpt—3 sV+0(||x¢|®) (20
(17) is not fulfilled if we perform a linear renormalization by m=1 2 mK

merely fitting counterterma (® and A, o1

Of course, the center manifold is not yet determined. The
determination of the counterterms is performed in severdlcf. Egs.(12), (13), and(18)], whereV denotes the variance
steps. of the eigenfrequencie&f. Sec. I). According to condition
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(10) the deviationsy; have to be small in comparison with ¢; serving as center modes. Taking into account condition
the coupling strengtla [Eqg. (15)]. Hence for randomly dis- (17) the frequency shiftA is derived as explained in Sec.

tributed #,, . ..,y within the cluster we encounter small Il C. This way, we obtain

mutual phase differences, whereas #r="---=7y=0 all ©)— A(2) @ 5
oscillators are perfectly synchronized, i.es(t)=(t) for AT=A"=0, A :Cz+C4+(Cl+C3)(n1—nz)(,25)
i=1,... N.

We already mentioned that as a consequence of condition
(17) x.=0 holds. For this reason the center manifold is ac-

tually nothing but a point. On the other hand, the centegyth 5(s) and 5T3) as in Egs.(Al) and (A2). All quantities
manifold is alocal attractor (cf. [34]). Thus the center mani- g {

AR =55+ 85, (26)

. ) ) : - ~ depending oryy, ... ,771 (such ass!. ) are indicated by the
fol(_j, i.e., the investigated synchronized state, is a stable fixe agger. Theselquantitigs only depgr)ld on the configuration. In
point.

contrast to this the corresponding quantities without dagger
(such asj(3)) additionally depend on the eigenfrequency dis-
D. Two clusters tribution (i.e., on{7;}).

We now analyze a synchronized state with two opposite |n order to determine the phase shifts we proceed as ex-
clusters as shown in Fig.(R). N, denotes the number of Plained in Sec. Il C, where in this cage=2K,+4K,. We
oscillators in thesth cluster, andN=N,+N,. Let us denote NOW choosef=(1/N)S{_ ;¢4 (0)—npm so thatp vanishes
the normalized size of theth cluster byn,=N,/N. For the 0N the center manifold. Finally we end up with the stable
two clusters we choose the ansaif;(t)=y;(t)—Q*t  Synchronized state given by
— 60— 9, whered;=0 for the oscillators of the first cluster
(i.e.j =Jl, e !Nl)J and9;= = for the oscillators of the sec- P(O=0*t+ g% where =0+ x;+ X[+ 9,

ond cluster(i.e.,j=N;+1, ... N). In order to simplify our 27)
analysis, i.e., in order to apply the approach outlined ir) SeGs the constant phase shift of theh oscillator, wherey; and
B, we assume thatk;,K3,Cy, ... ,C4 are small in 't e ghifts of higher order, are listed in Appendi{ Bgs.

comparison with the synchronizing coupling constakis  (ag) and (A7)]. X; gives rise to mutual phase differences
and K,. For this reason we seK;—eK,, Ks—eKs,  yithin a single cluster. As a consequence of condiib)
Cn—eCp, wherem=1,...,4.Note thate is of the same  {he mytual phase differences are small in comparison with
order of magnltyde agy, ..., 7N- ThIS. assumption guaran- the coupling strength (2,+4Ky). For 7,=---=7y=0
tees thatB, is simply a diagonal matrikcf. Eq. (8)] which  he oscillators within a single cluster are perfectly synchro-
can be inverted straightforwardly according to EG8.and  yjzeq. On the other hang,” causes a systematic phase shift
). of a whole cluster, thereby disturbing the opposite arrange-

ﬁ‘s in thg(j]‘orn:_er S.ef[:ti?rr: itfis our_goalbto éaSt th(ej S4y5temment of the two clusters determined by according to Eq.
$n tf]'r congl era |ofn In ?h € OVIF“ given by ({IS) atf‘ ( ).h' h(27) (cf. Fig. 1. This deformation of the clusters’ opposite
O this end we periorm the nonlinéar renormalization, whic arrangement will be illustrated numerically in Sec. IV A.

guarantees that conditiqid?) is fulfilled. As a consequence From Egs.(12), (13), (25), and(26) we read off that for
of the proper choice oA we encounter new quantities

) . ' nonvanishing coupling constan®, . . . ,C, the synchroni-
which will be denoted by zation frequency decisively depends on the configuration of
7],-T=8(Cl+Cs)[ﬂﬂ—nﬁ(ﬂﬂ—np)z]. 21) '([ahaecﬁycr:l(jfswtrgrr?|zed state, i.e., the number of oscillators within
where thejth oscillator is in thevth cluster, andu# v (i.e.,
v=1u=2 orv=2,u=1). These quantities cause a shift of E. Three clusters
the deviationsyy, . ..,ny. Hence we introduce This section is devoted to a synchronized state with three
equally spaced clustefsf. Fig. 1(C)]. Bs, the matrix of the
g=ni+n . (22)  stable modes, is a simple diagonal matrix as in @}if we
assume thak,—eK,, C,—&C,, holds forv=1,2,4 and
Moreover, we introducshifted eigenfrequencietﬂ;r by set- m=1,...,4. N, denotes the number of oscillators in the
ting vth cluster, wherev=1,2,3, andN=N;+ N,+ N3. In anal-
ogy to the former sections we choose the ansatz
ol =0+ 7 =0+n+7y. (23) ()= y;(1)—Q*t— 06—, where 3;=0 for the oscilla-
tors of the first clustefi.e.,j=1, ... N;) andd;=27/3 for
With Eq. (22) the transformation separating linear parts ofthe oscillators of the second clustge., j=N;+1,... N
center and stable modes reagds=¢;—§&;/(2K,+4K,) +N,), and9;=4/3 for the oscillators of the third cluster
—p. This transformation yields the vectors of the center andi.e.,j=N;+N,+1, ... N). Asin the former section due to
the stable modes: the renormalization, in particular as a consequence of the

proper choice ofA®®), we have to introduce shifts of the
Xe=(e,0,€1, .. &), Xs=(@1, ..., on)T. (29 eigenfrequenciefEg. (B3) in Appendix B] according to Eq.
(23). With ¢; from Eq. (22) linear parts of center and stable
In comparison with the case of one synchronized cluster twonodes  are  separated by the  transformation
synchronized clusters are associated with shifted deviationg;= ¢; — £;/(3K3) — p providing us withx, andx, given by
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Eq. (24). Based on conditiort17) the frequency shifiA is  (22). This way, we obtairx, andx; given by Eq.(24). Based
derived as in the former section. This way, we end up withon condition(17) the frequency shift\ is derived as in the
former sections. With some calculations we arrive at

1
AV =Cy+ E(Cl+ Cy+Cy)[(N1—Nny)2+(ny—nz)?

A®=0,
+(n3_nl)2], (28) A(1)2C4+C2(n1+n3_n2_n4)2
AQ=0, AP =g, + 522), (29 +(C1+Cy)[(ny—Ng)?+(n—Nny)?],
where g,y and 522) are listed in Appendix BEgs.(B4) and AP = 8o+ 5(1‘2), (3D

(B5)]. The phase shifts are determined in a similar way as in
the former sectioqs. Withy=3l_<3 we immediately obtain where 8, and 5{2) are listed in Appendix GEgs.(C2) and
thSXc):Hj(Xc)+Hj (Xc) according to Eq(9). Hj(xc) and  (C3)]. In order to derive the phase shifts we first determine
Hj (%) are presente_dl mNAppendlx B.vanishes on the cen- hj(Xe) =H;(Xc) + HjT(xC) by means of Eq.(9) with
ter manifold if =N""3}_#(0)— (N +2n3)27/3. Trans-  y=4K,, whereH;(x;) andH](x.) are listed in Appendix C.
forming back to the phases we obtain the stable synchronizegl  vanishes on the center manifold for
state: 6=(1N)Z}_, ¢ (0)— (no+2n5+3n,) 7/2. Finally we ob-
tain the stable synchronized state
g () =Q*t+ g5, y

Pi(t)=Q*t+ ¢,
i+ : :

stal g4 9.
YT 0+ 95+ =g

+Hj(x) +HI(x), (30 :
7+ 7
4K,

Y= 9+ 9+ +Hj(x)+H(x) (32
with H;(x;) and HjT(xC) from Eqgs. (B1) and (B2).
A, 7, /. H;, andH] have to be small in comparison
with the coupling strengtly=3K; due to condition(10). If : o .
this condition is not fulfilled our approach is no longer valid, gend|?< (% HFrorgnd (I:—(I)pd;rl(e)nsr(;gl)l ir:t cc:r(::loa\ll\r,issonthv?/‘;[th
and we have to restrict ourselves to a numerical investiga- —ZIJ< UERLE j P
tion, which is presented in Sec. IV. Y= oRa . :

So, Eq.(30) describes a synchronized state, where all os- E_quatlon (30) describes a synchromzeg St?‘_te' where all
cillators have the same frequen€y* which deviates from oscillators have the same _frequen@f. { cr|t|ca!|y de-
the mean of the eigenfrequenci@saccording to Eqs(12), pends on the' cpnﬁgqrahon of the synghromzeq state
(13), (28), and (B4). For nonvanishing coupling constants (nq, ...,ny). Within a_smgle cluster the oscHIatorsJr display
C1, ... Cq the synchronization frequency crucially dependsSMall mutual phase differences duexp, whereasy; per-
on the configuration of the synchronized state given bylurPs the clusters’ equal spacifef. Fig. D).
n{,N,,N3. In the synchronized state we encounter three clus-
ters consisting ofN;, N,, and N3 oscillators. Within a G. Hierarchy of frequency levels
single clus_ter the oscillators display smal_l mutual phase dif- £, 7= --=ny=0 our model displays eultiplicity of
ferences given l?y Ec{SQ). The equal spacing of the clusters 4ractors(modulo 2) which depends on the configuration:
is disturbed |in and »; do not vanish. In particular, clus- |, the n-cluster state the attractors scale as
ters of equal size are equally spaced.

as constant phase shift, witd;(x;) and HJ-T(xC) from Ap-

N!
F. Four clusters Neom N1, - - ’N”):ij‘:le! ’
In this section we investigate four synchronized clusters
which are equally spaceficf. Fig. 1(D)]. Therefore we where N;+---+N;=N. (33
choose the ansatzeg;(t)=y;(t)—Q*t—6—3;, where _ _ _ _ _
9;=0 for the first clustefi.e., j=1, ... N;), &;=m/2 for In particular, if the_re is only one cluster all oscillators are in
the second clustef.e.,j=N;+1, ... N;+N,), 9= for phase, and there is only one attractor. For randomly distrib-
the third cluster(i.e., j=N;+N,+1, ... N;+N,+N;), utedn,,...,nywe observe small mutual phase differences

and 9;=3w/2 for the fourth cluster (ie., according to Eq(19) and a frequency shift of second order

j=N;+N,+Ns+1, ... N). As usualN, denotes the num- [cf. Eq.(20)]. _
ber of oscillators in thevth cluster, andN=N;+N,+ Ny On the other hand, if there are two or more clusters, a

+N,. In order to achieve thd, is of the form given by Eq. Vvariety of frequency levels occurs, which depends on both
(8), we have to assume thakK,—eK, (r=1,2,3), the conflguratlo_n and _the eigenfrequency ghstnbuﬂon. For
Cn—eCrp (M=1, ... ,4)holds. As in Secs. Il D and Il E, the sake of clarity we introduce some notations. From Egs.
due to the determination &t we have to introduce shifts (25 (28), and(31) we immediately read off thar*) con-

of the eigenfrequencieEq. (C1) in Appendix C. Separa- Sists of two parts:

tion of linear parts of center and stable modes is performed (1) A (D)4 A (D)

by the transformationp; = ¢;— &/4K,— p with &; from Eq. AT=ATHA, (34
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, (2) O, summarizes frequency shifts of first and higher
QII(O’ N) e QHI(O’ i {77]}) order, which exclusively depend on the configuratiél,
does not depend on the eigenfrequency distribution. As a
consequence of the multiplicity of attractors as well as sym-
metry properties of(), we encounter adegeneracy of
Q Q,-frequency leveldbecause every), level is associated
— with ngomd N1, ... ,N,) different synchronized statdef.
Eq. (33)]. This degeneracy is additionally increased due to
Q Qqp(1, N—1) Qnr(1, N—1,{n;}) symmetry properties of),, [cf. Egs.(34) and (35)]: Q is
— < invariant with respect to the interchanbe«— N, (n=2,3).
In the four-cluster stat€), is invariant with respect to the
interchangeN,« N, for Ny=N3 andN;«> N3 for N,=Ny,.

(3) Q,, additionally takes into account terms of lowest
nonlinear order §3)s® for n=2, 5,ye? for n=3,4) which
depend on the eigenfrequency distributicny;}. For
71, - - ,yn#0, e.g., for randomly distributedw,}, every

(2, N-2) (2, N-2, {n;}) degenerated), level splits into a multitude of slightly dif-
< ferent(), levels[cf. Egs.(Al), (B4), and(C2)].

IV. NUMERICAL INVESTIGATION
FIG. 2. Hierarchy of frequency level$Schematic illustration of
the different frequency levels corresponding to different configura-  |n this section we compare our analytical results with nu-
tions (N1,N;) of the two-cluster state. The frequency shift de- merical simulations. Finally we discuss two phenomena, fro-

scribed by(=Q—A{V¢ is independent of the configuration as ,en states and characteristic transient behavior, which may
well as the eigenfrequency distribution. Lower order frequencypq important, e.g., in the context of physiology.
spliting depends on the  configuration €, (N;,N,) ' '

=0— (AP +AM)e - ;e The eigenfrequency distribution de-

termines higher order frequency splitting according to A. Phase and frequency shifts

_ 1 1 T .3 3 . . .
Qu (N1 N {7) = Q= (AfY+A[P) e — (3%~ 55)6°. Note that Two-cluster states are investigated numerically and ana-
frequency splitting only occurs in a synchronized state with morelytically in this section, whereN=20, 7,;=---=7y=0

than one cluster. K,=0.5K;=K3=K,=0.01. Due to7;=0 all oscillators

( _ _ ) within one cluster share the same phgsedulo 2, cf. Eq.
where onlyA}”’ depends on the configuration. With these (AB)]. Model equation2) was integrated 19 times. In each
notations we obtain for the-cluster stateA(Y=C,+C,  simulation the system was started in the neighborhood of one
(n=2), A{M=C4(n=3), and AM=C,  of 19 different coexisting stable synchronized states with dif-
(n=4). The configuration dependent shifts ra&f‘,})z(cl ferent synchronization configurationN{(=1,...,19). In
+C3)(n—ny)? (n=2), AP=(C;+C,+Cy)[(n;—ny)?  Figs. 3 and 4 we display the analytically deriveormalized
+(N,—ng)2+(nz—ny)2/2 (n=3), and A{N=C,(n, Pphase difference y 2=y~ yi*)/(2) for two oscil-
+N3—Ny—ng)+(Cy+Ca)[ (N —N3)2+(n,—ny)?] (n=4). lators ( andk) from two different clusters withy"* and
Obviously A{ depends on asymmetries of the configura-#/" from Eq. (27). Ay takes into account terms of first
tion. order (~¢), whereasA ¢/? also takes into account terms of
In order to consider frequency shifts of lowest nonlinearsecond order € £?) [cf. Eq. (A7)]. Additionally in Figs. 3
order we take into account Eq#\1), (A2), (B4), (B5), (C2), and 4 we presenA ™™ i.e., the numerically determined
and(C3). &) and 53y depend on the eigenfrequency distri- normalized phase difference between both clustges-
bution {7;}, whereasd,, and 85, only depend on the con- formed by means of a fourth order Runge-Kutta algorithm
figuration. Thus fon=2 the synchronization frequency may While the oscillators within each cluster are perfectly syn-
be written as chronized, the phase difference between the two clusters de-
pends on the configuration of the synchronized stege the
QI number of oscillators within each clusteiWe encounter an
PR antiphase stateA(yy=0.5) only if both clusters are of equal
Qi =90- A(Il)g _ %11)5 _ 523)53 ~83¢° (35 Zijs '[(21;22). Forplaﬁrnz the qrntiphgse spacing is perturbed
— quantities,, . . . ,7y, Which cause a shift of the
1 eigenfrequencies as explained in Sec. Il D.
For the same simulations in Figs. 5 and 6 we plot the
For n=3,4 we have to replacézr3)g3 and &3e® by 522)82 numerically determined mean synchronization frequency
and §»)¢2. The different terms of Eq(35) find a clear inter- Qi defined by Q.= (=2, 0f)/20, wherew} denotes
pretation as illustrated in Fig. 2. the numerically determined synchronization frequency of the
(1) Q, takes into account frequency shifts of first order, kth oscillator. Additionally in Figs. 5 and 6 we plot the ana-
which are independent of both configuration as well adytically derived synchronization frequency, thereby taking
eigenfrequency distribution. into account terms of first ordefX()) and also terms of

1)
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FIG. 3. Normalized phase difference of two clustdPéots compare analytically derived and numerically revealed phase shifts in the
synchronized states of two clusters, whiire 20, 7,=---=9y=0,K,=0.5,K;=K;=K,=0.01. To this end\ "™ (dots, surrounded by
small circleg, AV (dashed line, covered by solid linandA ¢? (solid line) are determined and plotted according to the explanation in
the text. Plots show normalized phase difference for different value€,0f...,C,: C;=C3=-0.01, C,=C,=0.01 (A) [fulfilling
smallness condition (10), i.e., |Cj|<y=2K,+4K,], C;=C3=-0.1, C,=C,=0.1 (B), C;=C3=-0.2, C,=C,=0.2 (C),
C,=C3=-0.5,C,=C,=0.5(D). In order to illustrate differences between analytically derived and numerically revealed phase differences
Ay® andA 4 are plotted as continuous functions rof.

third order Q®), where O0W=0-A®¢ and O®  y=2K,+4K,. Therefore terms of second order contribute
=0-AM®e—A®¢3 according to Eqs(12), (13), (25), and  to Ay only marginally [cf. Eq. (A7)]. Depending on the
(26). model parameters the synchronization frequency in the an-
If smallness condition(10) is fulfilled (justifying the ap-  tiphase state may be larger or smaller as compared with the
plication of the center manifold theorgrthere is a perfect in-phase state.
agreement between theoretical and numerical refiitsin
Figs. 3—8. Even if the parameter€,, ... ,C, are of the
same order of magnitude as the synchronizing coupling )
(K,) there is a good agreement between theory and numeri- In the former section we already showed that due to the
cal results[(B) in Figs. 5 and & For larger values of oscillators’ mutual interactions there may be dramatic shifts
C,,...,C, terms of first and third order are no longer suf- of the synchronization frequency. For this reason we suggest
ficient in order to achieve a good agreement between theory]e termfrozen staten order to denote a stable synchronized
and simulation[(C) and (D) in Figs. 5 and & In order to  state with vanishindor at most small synchronization fre-
improve this agreement one has to derive higher order termguency. Plot{D) in Fig. 5 provides us with an example of a
A® AG) . along the lines of our approach. Neverthelessfrozen state(for n;=0.5). Two further examples are shown
for |n;—n,|<1 as well as fon,=1 orn,=1 there is stilla in Figs. 7 and 8.
good agreement between analytical results and numerical re- The state of synchronization can conveniently be de-
sults. |Ky| and |Ks| are small in comparison with scribed in terms of collective variabl§$6,25,33,3% ampli-

B. Frozen states
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FIG. 4. Normalized phase difference of two clustéPts showA ™™ (dots, surrounded by small circles 1) (dashed line, covered
by solid ling, and A4 (solid line) for the same model parameters as in Fig. 3 except for the valu€s of..,C,: C;=C3=0.01,
C,=C,4=-0.01 (A) [fulfilling smallness condition(10), i.e., |Cj|<y=2K,+4K,], C;=C3=0.1, C,=C,=-0.1 (B), C;=C;3=0.2,
C,=C,=-0.2(C), C;=C43=0.5,C,=C,=—0.5(D).

tudeR and phasel of all oscillators and amplitud®, and  figurations give rise to transitions between different synchro-
phase¥ , of the vth cluster, wherdRe"¥ = N*12E‘= ,€%and nization frequencies. The term synchronization frequency in
Rvei‘I’V:N;lEk(v)eiwk_ Note that G=R<1 as well as the context of an unstable synchronized state denotes the
0<R,=<1. Additionally we introducdiszlE’Q‘:lz;/;k, ie. oscillators’ mean frequency in this particular state. Transi-

the momentary mean frequency of all oscillators. Figures Flons of this k|n_d may occur due to noise. However, in th!s
and 8 show how the system approaches a frozen one-clust@?t.'de we rgstrlct ourselves tg the analysis of the determin-
state as indicated by the amplituBt¢— 1 for t—oc). Figure Istic dynamics of model equqtldﬂ). In future work we plan_

7 shows a transition from an unstable two-cluster state to th%f" rek[))or:t on thzlmpact Of ntor:se on tlhet_ moderlls syr}chFrinzz;-
stable frozen state, whereas Fig. 8 shows a transition from a pn behavior. However, In the simulalions snown in FIgs.
unstable three-cluster stafmean phase difference between and .8 we.already enpountered transitions _between different
neighboring clusters equalsr23) to the stable frozen state. conflguratlons oceurring In our determlnlstlc mpdel. Let us
Note that the synchronization frequencies of the frozen statfonj'der. V\t’haLt ?atﬁpens Lf a sy?crsr_omzed .Stﬁf Ish an dun?table
as well as the two unstable initial states totally agree with ou Ixed point. Let the system start in a neighbornood ot an

: : table fixed point and let it be attracted by a stable syn-

analytically derived resultfEgs. (13), (25), (26), (28), and unstat . ; ) .
(29)] even though the initial states are unstable. chro_nlzed.state, ie., a stablle f|_xed point. Depending on the
relationship of the synchronization frequency of the unstable

and the stable synchronized state the oscillators’ mean fre-
quencyF may increasdFig. 9), decreasdFig. 10, or re-

For C;#0 cluster states of different configuration are ge-main unchangedFig. 11. As shown in Sec. IlID for
nerically associated with different synchronization frequen-C,=---=C,=0 the synchronization frequency remains un-
cies. Thus forC;#0 transitions between different con- changed ap and F are conserved quantities. Except for

C. Transient behavior
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FIG. 5. Frequency shifts of two clusterRlots compare analytically derived and numerically revealed frequency shifts in the synchro-
nized states of two clusters with parameters as in Fi!3,, (dots, surrounded by small circle€™) (dashed ling andQ® (solid line)
are determined and plotted according to the explanation in the text. Plots show frequency shifts for different values of
Cy,...,Cq: C;=C3=-0.01, C,=C,4=0.01 (A) [fulfilling smallness condition(10), i.e., |Cj|<y=2K,+4K,], C;=C3=-0.1,
c,=C,=0.1(B),C;=C3=-0.2,C,=C,=0.2(C), C;=C3=-0.5,C,=C,=0.5(D). In order to illustrate differences between analyti-
cally derived and numerically revealed frequency sHiif®) and Q® are plotted as continuous functions rof (cf. Fig. 3.

C,=---=C,=0 the model parameters of the simulation in We take into account two types of neurons: firing and
Fig. 11 are the same as in Figs. 9 and 10. bursting neurons. The membrane potential of periodically
Note that the synchronization frequencies of the unstabléiring neurons runs on a limit cyclpt1], whereas the slow
synchronized states revealed by numerical integration andynamics of the relaxation oscillation which generates the

shown in Figs. 9 up to 11 totally agree with the analyticalpursts displays a limit cycl¢42,43. For this reason we

results obtained in Sec. III D. model a single neuron of both types by means of a limit
cycle oscillator with time-dependent phagé¢t) and time-
V. NEURAL CODING dependent amplitude(t). Phase and amplitude of an iso-

In this section we sketch how model equati@ is re- lated neuron obey evolution equations which are of the form

lated to neural networks. There are different approaches fdr=f(r.#) and y=w+g(r,¢), wherew denotes the eigen-
modeling the dynamics of populations of neurons, for in_freque_ncy. We are allowed to assume that a swt_ab_le trans-
stance, by means of networks of integrate-and-fire oscillatorfrmation has been performed so that on the limit cycle
[27,40 and networks of limit cycle oscillatof®6,28. This  r=0 holds[31,42. Normal form theory guarantees that this
article does not aim at particular details of network modelsassumption is fulfilled[44]. Whenever(t)=0 (modulo
Rather we focus on dynamical phenomena which may b&), the neuron fires or bursts, depending on whether it is a
important from the physiological standpoint. For this reasorfiring or bursting neuron. The eigenfrequeneynodels, e.g.,

we briefly mention how the dynamics of neurons can bethe retinal input of a neuron in the visual cortex. The neu-
approximated by limit cycle oscillators. However, we expectrons’ mutual excitatory and inhibitory interactions are mod-
that synchronized states of this kind occur in networks ofeled by the oscillators’ mutual coupling. This way, the dy-
integrate-and-fire oscillators, too. namics of a network of neurons can be approximated by a
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FIG. 6. Frequency shifts of two clusterBlots showQ)},, (dots, surrounded by small circle€2® (dashed ling andQ® (solid line)
for the same model parameters as in Fig. 3 except for the valués,af. . ,C,: C;=C3=0.01,C,=C,=—0.01(A) [fulfilling smallness
condition (10), i.e., |Cj|<y=2K,+4K,], C;=C3=0.1, C,=C4=—0.1 (B), C;=C3=0.2, C,=C,=-0.2 (C), C,=C;3=0.5,

population of coupled limit cycle oscillators. As explained in consider sensory segmentation. Augmenting the concept of
Sec. Il populations of coupled limit cycle oscillators can ap-von der Malsburg and Schneidgs] we might propose that
proximately be described by populations of phase oscillatorsall neurons, which encode local features belonging to one
Thus finally we end up with models which are of the form of particular object, join into two or more phase-locked clus-
Eg. (1). Note that along the lines of this phase reductionters. In comparison with the original concept of von der
approach Hansedt al. derived a model equation governing Malsburg and Schneider phase-locked clusters open up an
the phase dynamics of two spiking Hodgkin-Huxley neuronsadditional effective encoding mechanism, where additional
coupled by weak excitatory interactiop45]. For further de-  attributes of the object can be encoded(aythe type of the
tails we refer to previous studi¢26,28|. cluster statde.g., two-cluster stateand(b) the configuration

Of course, the oscillators’ synchronization behavior reliesof the cluster state. Moreover, a particular object might be
on the couplindlj, [Eq. (1)]. Approximatingl';, by lowest encoded dynamically, i.e., by means (@) transitions be-
order Fourier terms gives rise to models which typically dis-tween different configurations, where the type of the cluster
play a one-cluster staf81]. According to previous studies state remains the same, affl transitions between different
(cf. [20,21)) and to our analysis due to higher order Fouriertypes of cluster states, e.g., a transition from a two-cluster
terms of the couplind’j, a variety of additional and quali- state to a three-cluster state. As a consequence of such tran-
tatively different synchronization phenomena occur, for in-sitions, for instance, unstable cluster states may disappear,
stance, one observes-cluster states, oscillatory cluster whereas stable cluster states evolve as analyzed in Sec. IV C.
states, and chaotic dynamics. On the other hand, e.g., oscillations between different un-

Thus from a theoretical point of view we expect that stable cluster states may occur as investigated by Hansel
populations of neurons may exhibit-cluster states, too. et al.[20].
Based on this conjecture one may speculate about the physi- According to our results transitions between different
ological function of these cluster states. Let us, for instancegluster states are typically associated with transitions be-
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FIG. 7. Frozen state Plots show transition from an unstable . )
two-cluster state to a stable frozen one-cluster state. Numerical in- /G- 9. Transient behaviorUnstable frozen two-cluster state

tegration of model equation(2) for N=20, K;=0.2 vanishes, and stable one-cluster state evolves. Numerical integra-
K,=Ks;=K,=0.01, C;=C3=0.5, C,=C,=0. Initial phases of tion of model equation(2) for N:20,.l-(1=0.5, Ky,=K;3=K,
clusters 1 and Zi.e., 4,(0), . . . .yo(0) andy5(0), . . . hoe(0)] =0.01,C,=0,Cz3=—-1, C,=C,=0.5. Initial phases of clusters 1

are normally distributed around O and with standard deviation and 2[i-e., ¢1(0), ... .41o(0) and ¢14(0), ... ,¢0(0)] are nor-
0.001. Upper plot showsx,=siny;+3.5 for all oscillators mally distributed around O ana with standard deviation 0.001.

(k=1, ...,20). Local maxima ok, , . . . Xpoare indicated by black UPPer plot  shows x,=siny;+3.5 for all oscillators

dots in order to illustrate the synchronization configuration. Middle(K=1, - - -,20). Local maxima oky, . .. ;o are indicated by black
plot shows mean frequency of all oscillatofs (solid line) and dots. Middle plot shows mean frequency of all oscillatBrgsolid

amplitude of all oscillatorR (dashed ling Lower plot displays line) and amplitude of all oscillator® (dashed ling Lower plot

amplitudes of cluster 1R;, solid ling and cluster 2 R,, dashed  displays amplitudes of cluster 1R(, solid ling), cluster 2 R,
line). dashed ling and cluster 3 R3, dotted line, covered by solid line

: — tween different synchronization frequencies. It is difficult or
Q== i even impossible to detect dynamical phenomena of this kind
DRSS e by means of linear correlation techniques. Whether phase-
locked clusters play an important role in neural coding can
only be decided experimentally. Of course, this can only be
- done if the experimentalists are provided with appropriate
data analysis tools.
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FIG. 8. Frozen stateUnstable three-cluster state vanishes, and
stable frozen one-cluster state evolves. Numerical integration o
model equation(2) for N=21, K;=0.2, K,=K3;=K,=0.01,
C,=C3=0.5, C,=C,=0. Initial phases of clusters 1, 2, [8e.,
$1(0), ... ,p7(0), ¢(0), ... ,.#140), ¥150), ... ,¥(0)] are 0
normally distributed around 0,723, 4/3 with standard deviation 0 2 0 4 50 & 70 8 90
0.001. Upper plot showsx,=sing+3.5% for all oscillators Time
(k=1,...,21). Local maxima ok,, ... X, are indicated by black
dots. Middle plot shows mean frequency of all oscillatBrgsolid FIG. 10. Transient behaviarTransition from an unstable two-
line) and amplitude of all oscillator® (dashed ling Lower plot cluster state to a stable one-cluster state. Numerical integration and
displays amplitudes of cluster 1R(, solid line), cluster 2 R,, ~ Model parameters as in Fig. 9 except ©y=0, C3=1, C,=C,
dashed ling and cluster 3R;, dotted line, covered by solid line = —0.5. The same format as in Fig. 9 is used.

<
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& wEEETg TR =KN‘1sin(¢j—¢k), where.K is the coupling s'Frength, and
: W@E@m% N is the number of oscillators. If the coupling is strong
| Zomm enough as compared with the spread of the eigenfrequencies,
SIS S S = S S S S S =S === the oscillators are joined into one giant clusfat].
° 10 20 % 40 50 60 70 & %0 100 Obviously the coupling decisively determines the syn-
1 T chronization behavior. Thus even in the case of globally
/ coupled oscillators one might expect that for different cou-
Ry 05F ] pling I' qualitatively different synchronized states occur. For
0 A . . . . . . . this reason in the present article we investigated a population
¢ 1 2 % 4 s 6 70 & %0 10 of globally coupled phase oscillators, where in contrast to
1 — former studies the coupling was approximated by Fourier
5 modes up to fourth ordefcf. Eq. (2)]. According to our
5 05 . . . . . .
= results this model displays a rich synchronization behavior.
0 , . . . ) . . . . Aside from in-phase synchronizatidone-cluster stajewe
0 0 2 80 40 Tii?e 6 70 & %0 10 encounter qualitatively different phase-locked states: two-

cluster states, three-cluster states, and four-cluster states as
FIG. 11. Transient behaviarTransition from an unstable two- illustrated in Fig. 1. The model parameters and the initial
cluster state to a stable one-cluster state. Parameters as in Fig.conditions determine whether all oscillators form one giant
except forC,=C,=C;=C,=0. The same format as in Fig. 9. cluster or whether they break into two, three, or four phase-
Note thatF is a conserved quantity. locked clusters of arbitrary size. Within one cluster the phase
difference between any two oscillators vanishes or is small

The synchronization behavior of model equati@his not ~ as compared with the phase difference between different
only interesting in the context of neural coding. This modelclusters(cf. Fig. 1.
may also be a starting point for the analysis of other dynami- The synchronized states analyzed in this study are phase-
cal phenomena well known from neurophysio|ogy_ WelOCked states in which all oscillators run at the same fre-
briefly mention two examples. quency, i.e.,{p]:Q* for j=1,... N. Lower order shifts of
(a) Transient phenomena associated with changes of thiéne synchronization frequency depend on the configuration,
synchronization behavior abound in neurophysiology. For ini.e., the number of oscillators within each cluster, whereas
stance, one may consider transient changes of the elebigher order shifts additionally depend on the eigenfre-
tromyographically recorded burst pattern induced by singlequency distributioricf. Fig. 2). For suitably chosen and fixed
rapid isometric finger extensiohd6]. model parameters the synchronization frequency vanishes
(b) The second example refers to bimanual movement cofor a particular configuration. We denote synchronized states
ordination. Haken, Kelso, and Bunz developed a paradigwith vanishing synchronization frequency as frozen states. If
matic macroscopic model for phase transitions in humarthe latter are unstable fixed points we typically encounter
hand movement$47]. The latter describes the oscillatory transients during which an initially vanishing synchroniza-
dynamics of the two index fingers: An increase of the move-+ion frequency increasdgf. Fig. 9. Lower order shifts and
ment frequency gives rise to a transition from an antiphasdigher order shifts of the mutual phase differences depend on
mode into an in-phase mode. Equati(®) can be used in the configuration as well as on the eigenfrequency distribu-
order to develop a mesoscopic version of the Haken-Kelsation.
Bunz model describing the activity of populations of neurons  If all oscillators have the same eigenfrequenay € (),
located in the left and right motor cortex: For simplicity we every configuration is associated with a multiplicity of at-
setK3=K,=C;=0. BothK; andK, depend on the move- tractors according to Eq33). For C;#0 [cf. Eq. (2)] each
ment frequency, where with increasing movement frequencgonfiguration generically corresponds to a particular syn-
K, increases anH{, decreases. This causes a transition fromchronization frequency. Thus we encounter a degeneracy of
a two-cluster state to a one-cluster state. In the two-clustahe synchronized states as far as the synchronization fre-
state the two populations which are located in different mo-quency is concernegtf. Fig. 2. As illustrated in Fig. 2 this
tor cortices fire in antiphase, whereas in the one-cluster stattegeneracy vanishes due to randomly distributed eigenfre-
both neuronal populations fire in unison. quencies.
Both frequency shifts and phase shifts were explicitly de-
termined by means of a combination of center manifold theo-
VI. DISCUSSION rem and a nonlinear renormalization procedure. Thereby we

In this study we investigated phase-locked synchronize@ad to assume that the spread of the eigenfrequencies and

states which may be important from the physiological pointshOme of thhe “_“?de' paralmeters are smfall in ((:j(_)mparison with
of view, e.g., in the context of neural coding. The startingt e synchronizing coupling constarfsf. condition (10)].

point of our analysis is Eq(1), the famous model of con- For larger values of the spread and of the model parameters
tinuously interacting phase oscillatof80,31. In former we checked our results numerically. Our approach can easily

: P : : . be applied in the case of randomly distributed coupling co-
tudies the 2r- d I i t I -
rsnl:;té?js bye IOW[;\E\Sr;oolr((:jgr() ulf(;Sﬁl;}k r\;vggéggg:a g gap[grl(i;( ! efficients, too. To this end for the coupling constants be-

For instance, the interactions of globally coupled phaséween jth andkth oscillator we setk ;=K +eKj and
oscillators were modeled byl (¢ — ) =T (;— ) Cijk=Cmnt&Cjx, where thejth oscillator is in themth clus-
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ter. {K;} and{C;,} give rise to additional terms of phase challenge for nonlinear data analysis.

and frequency shifts. Let us finally mention that from the neurophysiological as
In several previous studies the cluster states under consitiell as theoretical point of view it is important to investigate

eration were not essentially phase-locked stfi@s-19. As  the role the noise in the synchronization behavior of &.

yet the latter were addressed by only a few studies. plays. For instance, due to the multiplicity of attractors, in
Okuda analyzed globally coupled phase oscillators, wher&articular, in the thermodynamic limif\>>1) one might ex-

the coupling contained higher harmonics, and the coupling€ct Similar effects as revealed in the context of attractor

coefficients were attractive as well as repulsfgd]. His ~ crowding[14]. Our results concerning the influence of noise

investigation revealed a rich dynamical behavior, for in-ON the synchronization behavior of our model will be pre-

stance, aside from in-phase states he observed antipha¥gnteéd in a forthcoming article.

states, oscillating cluster states, and chaotic long transients.

Okuda focused on “symmetric” cluster states where each ACKNOWLEDGMENTS

cluster contains the same number of oscillators. On the other )

hand, in his model all oscillators had the same eigenfre- | am grateful to Hans-Joachim Freund, Harald Hefter, and

quency ;=1). Hence he was not able to study how fre- Arne Wunderlin for our fruitful discussions. This study was

quency shifts depend on the cluster state configuration angPported by the Deutsche Forschungsgemeinschaft SFB

on the oscillators’ detuning. 194 (A5).
Phase-locked cluster states in a network of globally
coupled oscillators were also studied by Hansgdl. [20]. APPENDIX A: TWO CLUSTERS

The coupling in their model contained Fourier modes of first

and second order. Due to the choice of model parameters Frequency shifts of higher order are

they observed three typical types of dynamics: a one-cluster

state, a totally incoherent state, and a pair of unstable two- 83=dV+ do(n2V;+n2V,) +ds(n,—ny)ngAy,
cluster states connected by a homoclinic orbit. In the last (A1)
regime adding noise gives rise to oscillations between the
two two-cluster states. The oscillators in their model had
uniform eigenfrequenciesu=(2), too. For this reason also
this study was not devoted to the influence of eigenfrequency
detuning and configuration on the synchronization frequencyvhereV, V;, andA, are defined in Sec. Il, and
of stablen-cluster states.

523):(14(”1_”2)2”1”2, (A2)

Antiphase synchronization caused by repulsive coupling C,—8C,+9C;—-32C, 3(C,+9Cy)
was investigated in a model for synchronized oscillations in d;= 82Kyt 2K)2 d,=— W
the visual cortex by Tass and Hakgz8,33. In their model &2 4 &R 4(A3)
the synchronized state corresponds to one attrgntodulo
2). In particular, the configuration only depends on the
distribution of repulsive and attractive coupling. Moreover, _(C1+C3)(C1—8C,+9C3—32Cy) Al
in this model we do not encounter a multiplicity of attractors. 3 2e(Ky+2Ky)? ’ (A4)

Models of globally coupled oscillators are widely used,
for instance, in the context of multimode lasg48], Joseph- 2
son junction array$49], and biological populations, such as 4:(Cl+c3) (Cy 8C2+92C3 32C4)_ (A5)
fireflies [50] and crickets[51]. As discussed in the former 2(Ky+2Ky)
section our results are additionally interesting from the
standpoint of neurophysiology. Higher order terms of the phase shift in the synchronized

(1) Model equation(2) can be augmented to become astate read
mesoscopic version of the Haken-Kelso-Bunz model for bi-
manual coordinatiofi47]. 1 Ky+ 3K
(2) Transient phenomena associated with changes of the = i+e
synchronization behavior are frequently observed in elec- X 2K 4K, g 4(Kpt2K,)?
tromyographic studiegcf. [46]). x[(n,—n)pi+n,A,—n,A,]l (AB)
(3) In contrast to coding by synchrony the phase-locked v e e
cluster states mentioned above open up additional coding
facilities. For instance, let us consider sensory segmentation:_+_ C1+Cs
An object as a whole could be encoded by means of neurons) _82K2+4K4
joined into a phase-locked cluster state, whereas additional
information could be encoded by means of the configuration +g2 (C1+Ca)(Ky+3Ky)
of this particular cluster state. 2(Ky+2K,)?
The relevancy of the above mentioned cluster states to 3
neural coding and other neurophysiological phenomena can +O(xdl*) (A7)
only be checked experimentally. To this end experimentalists
have to be able to dete(@) the cluster states arh) transi- for the jth oscillator in the vth cluster, u#v (i.e.,
tions between different cluster states. Obviously this is av=1,u=2 orv=2,u=1), A, as introduced in Sec. Il.

[nu_nv+(nv_ n,u)z]

[nv(n#_nv)+(nv_nu)3]
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APPENDIX B: THREE CLUSTERS

For thejth oscillator in thevth cluster we obtain

32’

Hj(xc)_ 3K +{f V++nv—_2nv)_gj(nv+_nv—)}
Xenj+fe(2n,A,—n, A, —n,_A, )
+gj8(nv+Av+_nv—Av—)+o(“XCH3)! (Bl)
5 2

HT _ (2)

(XC) +{f (nv++n 2nv)_gj(nv+_nV*)}
XS’?F‘*'ij(Z”V’ll(V)_nHUl(w)_nvfﬁl(v—))
+gj8(nv+77;(1;4—)_”1'*ﬂl(y—))_FO(HXC”S)! (B2

(K1+2K2+4K4)/(18K3) gJ:(Cl_ZCZ+4C4)/

(6\/—K3) and N, = n[V+l]3 nV*:n[V*l]SY where [k]m

=[Klmoam (€.0-.[515=2). BY 7y s+ k() We de-
note 7)., where the kth oscillator is in cluster
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for the jth oscillator in thewvth cluster. Higher order fre-
quency shifts in the synchronized state read

C,—3C,
5(2):TK4{(|'12_n4)(n1A1_n3A3)
+(N3—Ny)(NpA—NgA )}, (C2
with A, as introduced in Sec. Il, and
C,—3C,
8 =————2(D;+D,), C3
(2) 2K, (D1+Dy) (C3
where
D;=(K1—K3)[(n1+n3)(N;—Nng) %+ (ny+n,)(n;—nz)?],
(CH
D2=(C1+2C,+C3)(nz+ n4_nl_nS)(nl_n3)(n2_r24)-)
C5

For thejth oscillator of thevth cluster we get higher order

v, [v+1]3, [v—1]3. The shifts of the eigenfrequencies phase shifts

read

T_S\/_

7 =5 (N1, = Np-11,) (K=K +Ky) +6(C1+ Gy

3

1
+ C4)§ kgl (ng— n[k+1]3)2+ Nik—11, T Nk 21, ~ 2n

(B3)

for the jth oscillator in thevth cluster. Terms of second
order of the synchronization frequency are
C,—2C,+4C,

\/§8K3

3
2 Nik+1], n[k—1]3)nkAk,

Oion =
@ k=1
(B4)

with A, from Sec. II, and

3
C,—2C,+4C,[ 1
5(1‘2) T K, |2 5 (K1=Ka+Ky) IZl MN[k+1],
9 + 1(C—H:+C)
—9InNoHn ——
1112113 2\/§ 1 2 4
xE (M= Nirag)? |- (B5)

APPENDIX C: FOUR CLUSTERS

The shifts of the eigenfrequencies are

ﬁfzs(Kl_ K3)(Npy+17,—Npp-13,) +€Co{(ng+ng—n;

—ng)?+ N[y, Npp—11,~ Ny Npps2p,t T 8(C1+Cy)

X[(nl—n3)2+(n2—n4)2+n[,,+2]4—n,/], (C1)

and n,, =

5(2)8

Ky+3Ks

64K
C1—3C,4
64K

Nyt —

)+ Kz (n,., +
n,)+=——(N,s+n,_
8K; "

_nv_nv++)_

(nv+_nv—)]87]j

Ky+ 3K

+W8(nvAv+nv++Av++)

K,
8K28

2 nMA//-

®
puFv++

nv++Av++_

C,—3C,

+ = )+ 3

8(nv+1\v+_nv—
(Co)

T .2
5(2)8

L [Kat3Ks
4K,

64K

T Ka
Hj(xc): (nv++_nv)+8_K421(nv++nv—

C,—3C,

_n_ —
v 64K 3

Nyyy)— (ny+_nu—)]8771T
K;+3Kj3
+W8(nvnk(y)+ Nyt 77k(v++ )

+K28
8K}

>

N
pnFv+H+

T T
Mot Mot 4) ™ N ()

C,—3C,

T t
+T4K‘218(ny+ 77k(v+)_n1/7 77k(1/7))+O(||XC||3)1

(C7)

Nip+1ly Mot +=Npe2), Np-=N[,1y,. Analo-

gOUSIY iy, Mkus)ys vy Moy denote sy, with
K in clusterv, [v+1],, [v+2]4, [v—1]4.
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